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Abstract Asymptotic energy expansion method is extended for polynomial potentials having rational powers. New

types of recurrence relations are derived for the potentials of the form V(z) = g2V 4 by 4 by g2

byz™N/™N where n, m,n1, ma, .

+

..,Ny, M, are positive integers while coefficients by, € C. As in the case of even degree

polynomial potentials with integer powers, all the integrals in the expansion can be evaluated analytically in terms of T"
functions. With the help of two examples, we demonstrate the usefulness of these expansions in getting analytic insight
into the quantum systems having rational power polynomial potentials.
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1 Introduction

The algebraic form of eigenenergy spectra of Schrod-
inger equation provides a way to have analytic insight into
the system of interest. The exact analytic expressions of
eigenspectra can only be obtained for very few potentials
such as the Coulomb potential, the Morse potential, the
Poeschl-Teller potential, the square-well potential, and
the Harmonic oscillator potential. For certain systems
such as V(z) = 22V, WKB methods can be utilized to
obtain analytic semiclassical expressions for asymptotic
eigenspectra. However, when the potential contains addi-
tional powers such as in the case of V(z) = 22V +az?, the
integrals involved in higher order WKB method[!l become
almost impossible to evaluate analytically. Moreover, find-
ing approximate eigenvalue expressions for polynomial po-
tentials having non integer powers is a challenging task
especially when coefficients of the potential are not real.
When the coefficients of the potential are not real, solution
along the real axis does not satisfy the boundary condi-
tions at d+oo and integration has to be performed along
specialized curves in the complex z plane.l?! Although PT
symmetric single term potentials such as V(z) = z2(iz)¢
with non-integer € have been studied intensively, 3~
they involve multiple terms of non-integer powers, it is
even difficult to obtain the first order WKB eigenenergy
expressions analytically.

On the other hand, Asymptotic Energy Expansion
(AEE) method provides an analytic expression for the
quantum action variable J in terms of Gamma functions
and hence one can obtain asymptotic energies by applying
the quantization condition to J. Recently, AEE method
which was developed for polynomial potentials with inte-
ger powers has also been utilized for obtaining isospectral
Hermitian equivalence of non-Hermitian Hamiltonians.!”!

In this paper we show how to extend the Asymptotic

when
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Energy Expansion (AEE) method which was developed for
polynomial potentials with integer powers®=1% to obtain
analytic energy expansions for the polynomial potentials
with non-integer powers such as V (z) = 22/ 4 a 2™/™
for m,m,ny,m; € NT. One of the main advantages of
AEE is that all the non-zero integrals involved in the se-
ries are of the form [[z"/(1 — 22~ )™+1/2]dz and can be
evaluated analytically in terms of I functions.[5='1) The
AEE expansion and the higher order WKB expansion are
identical for V(z) = 22V while they are completely dif-
ferent for V(zx) = 2*V + ax?.l®’ Another advantage of
obtaining AEE expansion is that with few terms of the
expansion, one can find analytically, how the parameters
of the potential affect the behavior of eigenvalues and the
level spacing or density of states for large energies or large
quantum numbers.[%-12]

Outline of the paper is as follows. In Sec. 2, AEE me-
thod is extended and new recurrence relations for rational
power polynomial potentials of the type

V(z) = 2 4 p Ty pagh2 /e g banN/mN

are derived. As illustrations, explicit algebraic expressions
for AEE’s are obtained for the potentials with two rational
power terms in Sec. 3. Further, asymptotic eigenenergies
and expressions for density of states are obtained. Con-
cluding remarks are made in Sec. 4.

2 Modified AEE Method

In this section we will modify the AEE method and
derive recurrence relations for the one-dimensional Hamil-
tonian of the form

H(z,p) =p*+V(z), (1)

where

V(:Z?) :I2n/m+b1xn1/m1 +b2In2/m2+"'+bN:17nN/mN,
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with n, n;m;, N € NT and (2n/m) (n1/mq1) >

na/mg--- > (nyx/my). As in the polynomial case,®~10
the AEE quantization condition is
J(B) = i, 2)

where n is a positive integer and quantum action variable
J(E) is given by

1
= %AP(x,E)dx, (3)
P(z, E) satisfies the equation
?%JFPQ(Q:,E) E—-V(z)=P(z,E), (4)

and it is related to the wave function as P(z,FE) =

(h/1)[(0¥/0z)/¥]. The contour « in Eq. (3) encloses two

physical turning points of P.(z, F). In order to obtains

asymptotic energy expansion, first P(x, F) is expanded in

a series of powers of energy and subsequently obtains re-

currence relations. For the above potential, Eq. (4) reads
hoP(x,E)
i Oz

— bog"2/™m2

2n/m __ blxnl/ml

+P¥z,E)=FE —x

o bya™N/mN (5)

In the case of polynomial potentials with integer pow-
ers, the selection of the transformation needed for deriv-
ing AEE is straight forward (see Refs. [8-10] for details).
However this method cannot be used when powers are non
integers as integer powers of € is necessary for the AEE
expansion.

In order to obtain recurrence relations for polyno-
mial potentials with non-integer powers, we assume that
e = E-Y@wma) and ymme = ¢mMay where m, =
hep(m, my, ma,...,my). (hep is the highest common
multiplier). These transformations ensure that all the
terms in the right hand side of Eq. (5) will produce in-

With these transformations, Eq. (5) becomes

2n+m)m
hE( ) 1—-mmg

A — _P 4 €2nma P2
i mmg oy

N
-1 y2nma _ Z blymmanl/mle(2n—mnl/ml)ma ) (6)
1=1
Note that m,/my is an integer for all 0 < kK < N as
meq = hep(m,my, me,...,my) and (2n/m) > (n1/mq) >
(ng/mg) > -+ > (ny/m,). Now we expand P(y,¢€) as a
power series in €.

Ply.e) =Y an(y)e", (7)
k=0

where a; and k are determined below. Substituting
Eq. (7) in Eq. (6) and equating coefficients of €”, we obtain
s =—nmg and ag = /1 — yQ"ma and Eq. (6) becomes
ho1 -

1—-mmg k+n+mm
D WCC LN ) P
1mma
k=0 1=0 5=0
N

=1— anma _ Z blymmanl/ml6(2n—mnl/ml)ma , (8)
=1

and assuming ay = 0 when k < 0 and rearranging terms,

we obtain

hl mm. N ) A0k—(ngm)ym,,
i mmay Z ¢ dy
k=(n+m)mq
oo k—1
+ Z Z Q;Qp_ Ze + 2ag Z ake
k=1 1i=1
=1— anma _ Z blymmanl/mle(anmnl/ml)ma ) (9)

=1

teger powers of € so that AEE expansion can be made. | Then coefficients ags are given by

ho1

—1 | 1mmg

ap = —
2&0

In the above formula a; = 0 Vk < 0. Now J can be | Jzm(1

written as
J(E) =Y cp (b lntmima)/2nme (11)
k=0
where ¢ = (1/27) fv ardy and can be determined an-

alytically in terms of the coefficient of the potential
bi,b2,...,b,. The contour vy encloses the two branch
points of 4/1 — y?»™m= (i.e. +1 and —1) on the real axis.
The quantization condition J(E) = nh determines the
eigenenergies of V(z) = a?V/™ 4 bya™/™ 4 byx"2/ M2 4
o b/ MmN

For polynomial potentials with integer powers, all
the integrals fv ardy have the general form either

N mn
Z blymma"l/ml(S[k, (271 — —l)ma]
=1 m

k—1

_ k—(n+
da m)me
yl Mmme ( E a;Qp—;

dy
(10)

— M)+ 24z or [2"/(1 — 2*V)™dx where n €
N7T and m € N. However, the second integral, in general,
does not contribute to J except when m = 1. On the other
hand, for polynomial potentials with non-integer powers,
in addition to the above two forms, there is an integral
of the form [[1/z!(1 — 2*¥)™*+1/2]dz, with [ as a positive
integer contributes to the J. Importantly, all the above
integral forms can be evaluated in terms of Gamma func-
tions analytically.

3 Illustrations

In this section we present two simple illustrations for
polynomial potentials with non integer powers. The first
potential has the leading power less than unity while for
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the other it is greater than unity. The method described in
this paper can be applied to general potentials of the form
V(z) = 22/™ 4 byg™ /™ 4 boz™2/M2 4 ... 4 p g N/ TN
with n, n; m;, N € Nt and (2n/m) > (ni/m;1) >
(na/mg) > -+ > (ny/my). AEE expansion is more accu-
rate for large eigenvalues and therefore, it is suitable for
investigating asymptotic behavior of eigenvalues. It is con-
venient to use a computer algebra package such as MATH-
EMATICA for deriving the AEE series. Using MATHE-
MATICA 8.0,1'3] the recurrence relation (10) was imple-
mented with ag = /1 — y2"™e, for the two potentials.
Results are given below.

3.1 V(x) = z?/3 + ax'/3
In order for this potential to be real for all —co < z <
oo we define V (x) as
V(x) = ()% +a(a?)"/". (12)
For the potential in Eq. (12), m, = 3 and Eq. (11)

becomes
o

J(E) =Y cppm (7126,
k=0

(13)

It is found that ¢, = 0 Vk > 12 non zero ¢j,s are
co = 3/8, cs = 9a?/16 and c12 = 15a*/128 — h/2 and the
AEE expansion is

3 o 9a? 15a* h
J(E)_8E+16E+ 28 3" (14)
Applying quantization condition J(E) = nh, n =
0,1,2,... the eigenenergies are obtained. The asymptotic
eigenvalues for this potential are given by
5 2v/3v/3a* + 16h + 327ih — 9a?
" 12 '
For comparison purposes, the Schrodinger equation for the
above potential is solved numerically as well. Eigenener-
gies are shown in Table 1.

(15)

Table 1 Some eigenvalues calculated with AEE for
V(z) = 2?/® + az'/? are compared with the numerical
eigenvalues. The calculation is carried out for ¢ = 0.1 and
a = 1.0 and the results are shown up to six significant
figures.
n a=0.1 a=1.0
AEE Numerical AEE Numerical
1.147 21 1.036 99 0.508 306 0.495 861
5 3.822 21 3.823 10 3.112 21 3.122 49
10 5.284 01 5.285 46 4.565 07 4.567 08
15 6.421 08 6.420 13 5.698 51 5.695 58
20 7.386 19 7.386 96 6.660 58 6.660 86
40 10.3848 10.3844 9.654 33 9.653 57
60 12.6942 12.6944 11.6915 11.6435
100 16.3632 16.3631 15.6283 15.6281
200 23.1154 23.1154 22.3783 22.3783

Although the eigenvalues obtained from numerical
method are not exact, here we assume that they are at

least accurate up to 6 significant figures. It is apparent
from Table 1 that AEE method produced less accurate
eigenvalues when 7 is small. However, as n increases, the
AEE method has became more accurate. The analytic ex-
pression of Ej; presented in Eq. (15) for the above poten-
tial can be utilized to investigate the asymptotic behavior
of eigenvalues analytically.

As an example one can find out whether it is possible
to have zero energy ground states for the potentials of the
form in Eq. (12). Since action the variable contains only
positive powers of E, by making Fy = 0 in Eq. (15), we
find that when a* ~ 64/15 this system has zero energy
ground state. When a = ag, —ap, iag or —iag (where
ap = (64/15)%/* ~ 1.437 216 4) this system has zero en-
ergy ground states. This ag is an approximate value and
the exact value of ag is found to be 1.474 568 15 (for this
ao ground state energy found to be less than 10719). Fur-
ther, we can find out whether the eigenvalues of Eq. (12)
are real when Hamiltonian is PT symmetric (i.e. a = ib
for real b). Equation (15) clearly indicates that the poten-
tial has the same energy spectra for both a and —a and
energy spectrum is real even when «a is pure imaginary.

Next we determine the density of states and the
asymptotic level spacings for the system in Eq. (12). Den-
sity of states p is given by

aJ

PE)= o5

For the first potential V(z) = 2% + az'/3, from
Eq. (14), we have

(16)

3 9a?
p(E) = ZE + 16
For large E, the density of states increases linearly
with the energy. Consequently, by the relation
1
AL~ 5TaE)
the asymptotically level spacing becomes AE ~ 4/3E —
a’/E2.

This implies that for large energies level spacings will
decrease as the parameter |a| increases. On the other
hand, when «a is pure imaginary or the system is PT sym-
metric, the level spacings is AE ~ 4/3FE + a?/E? and
increases as the parameter |a| increases.

(17)

(18)

3.2 V(x) = 2%/ 4 ax'/3
The second illustration is for
V(z) =25 + az!/3 (19)
For this potential m, = 3 and AEE expansion is
J(E) — Z bkEf(k724)/18 .
k=0

(20)

Here b, = 0 V odd k. First six non zero b}.s are

15I°[5/6] h
0 = S =17 /2] baya = —5

NGAER
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) _ _35aI(7/18) .
267 216/#T[28/9]’ s

425a*T'[17/18] -

b = - =
52 23328\/nl[4/9]" !

K2T[1/6]
180/#L[2/3]’
238a2h2T'[13/18]

3645,/7L[2/9]

Table 2 Some eigenvalues calculated with AEE method
for V(z) = 25/5 4 az'/? are compared with numerical eigen-

values. The calculation was carried out for a = 0.5 and
a = 1.0 and the results are shown up to six significant
figures.

n a=0.5 a=1.0

AEE Numerical AEE Numerical

0 0.868+0.1287i 0.912 08 0.241-0.803i  0.651 704

5 6.547 37 6.547 86 6.440 98 6.432 46

10 10.6638 10.6654 10.5783 10.5755

15 14.2947 14.2931 14.2197 14.2227

20 17.6378 17.6389 17.5695 17.5691

40 29.4114 29.4113 29.3570 29.3571

60 39.7499 39.7496 39.7023 39.7019
100 58.1725 58.1725 58.1323 58.1323
200 97.6633 97.6633 97.6315 97.6315

As in the first illustration, the eigenvalues calculated
with AEE method become more accurate for large n. Very
low eigenvalues do not agree with the numerical eigenval-
ues. However, when n > 15 the eigenvalues agree well with
the numerically calculated values as shown above. For
general polynomial potentials V(x) = o2/ py g/
box2/™2 .. 4 b x™N/™N with n, n; m;, N € Nt and
(2n/m) > (n1/m1) > na2/me > -+ > (ny/my), AEE
method can be utilized to obtain eigenenergies as well as
asymptotic behavior of the eigenvalues analytically.

As in the pervious system, for the potential V(z) =
25/5 4+ az'/3, the density of states p and asymptotic level
spacings AFE are given by

and
2yAr[/3)
R

We can also find how the asymptotic eigenenergies vary
with the parameter a from AEE expansion.
1

AE, ~ ——Aa. 22
@ /0a) ¢ (22)
For the first potential AE, is approximated as

8
AEa ~ ga—EAa, (23)
and for the second potential it is
108/7I"[28/9
AE, ~ 108/ 28/9] pajopg | (24)

35aT'[7/18]
It is evident from Egs. (23) and (24) that for higher
eigenstates of the first potential V(z) = 22/ + az'/3, the
eigenenergies are less sensitive to small changes in the pa-
rameter a as |8/9aFE| is small. On the other hand, the
eigenstates of V(z) = 2%/° 4 az'/? become more sensitive
to small changes in parameter a for higher eigenstates.

4 Concluding Remarks

In this paper, we have obtained AEEs for the poly-
nomial potentials with rational powers V(z) = 22"/™ 4
byz™t /™ 4 pogn2/m2 .. 4 b g™N/™N - Since AEE has
been developed only for polynomial potentials with inte-
ger powers, it cannot directly be applied to the polynomial
systems with rational powers. In this paper new types of
recurrence relations are derived for such potentials and
applied them to the above general polynomial potential
to obtain expressions for J in terms of £ and the param-
eters of the potential. These expansions are power series
in energy and coeflicients of the series contain parameters
b1,ba, ..., by explicitly. We demonstrate how to use AEE
to obtain potentials with zero ground states and behav-
ior of density of states as the parameters of the potential

_ 5T[5/6] 35a2T'[7/18]
(E) ~ 2ﬁr[1/3]E - 1944ﬁr[28/9]E Y @) aies
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