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Inhomogeneous 2D Lennard–Jones Fluid: Theory and Computer Simulation
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Abstract In this work, thermodynamical properties of a two-dimensional (2D) Lennard–Jones (LJ) fluid are studied.
Here, to increase the accuracy of our theoretical calculations, the correlation functions in three-particle level (triplet) are
applied. To obtain the triplet correlation functions, the Attard’s source particle method is extended to 2D systems. In the
Attard’s procedure, the inhomogeneous Ornstein–Zernike (OZ) equation is solved using the Treizenberg–Zwanzwig (TZ)
expression and a closure relation like the hypernetted-chain (HNC) approximation. In the present work, we also have
performed the Monte Carlo (MC) simulation. The theoretical results are in fairly agreement with the MC simulation.
Also, our results show that the approach proposed here is suitable to study the 2D LJ fluid.
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1 Introduction

The prediction of physical properties of two-

dimensional (2D) fluids from information about molecu-

lar shapes and intermolecular interactions is an important

goal of condensed matter physics. In the past two decades,

considerable progresses have been made in the under-

standing of the behavior of 2D fluids at the molecular level

by considering simplified potential models. In general, po-

tential models can be classified into two groups according

to the type of interaction between the molecules.[1−2]

In one group, molecules are treated as hard parti-

cles (purely repulsive) with a given shape such as hard

sphere, hard ellipsoid, hard spherocylinder, hard disk,

and hard ellipses.[2−7] In another group, molecules are

treated as soft particles with spherical or non-spherical

shapes.[2,8−11] The models include explicitly both the re-

pulsive and attractive contributions through a convenient

function of the translational and orientational degrees of

freedom of the molecules. It is worth mentioning that

the Lennard–Jones (for spherical particles)[2,8−9] and the

Gay–Berne (for spherical particles)[11] potential models

play the important roles in studying fluids.

2D fluids are interesting both from a purely theoret-

ical and from an experimental point of view. There are

examples of real systems that behave effectively as 2D flu-

ids. The monolayers adsorbed on solid substrates[12] and

surfactants adsorbed on an air/water interface[13] are ex-

amples of the 2D systems.

There are several theoretical procedures to study phys-

ical properties of 2D fluids. One of the most important

procedures is the integral equations method.[2−6] Over

the last two decades, integral equations method of classi-

cal equilibrium statistical mechanics has intensively been

studied. This method has been used successfully to de-

scribe the thermodynamical properties and structure of

simple and multi-component fluids. Examples of these flu-

ids are the hard sphere fluid,[14−15] the hard core Yukawa

fluid,[16−17] water,[18−19] hard ellipsoid fluid,[20−21] hard

ellipses fluid,[6−7,22] hard disk fluid,[23−24] and 2D LJ

fluid.[25−28]

The important role of triplet correlation functions has

already been evidenced in several aspects of simple fluids.

For example, the triplet correlation functions have been

used in the characterization of fluid structure in systems

like water, freezing transition of liquids, and the critical

behavior of adsorbed fluids.[29−32] It is to be noted that in

the systems, the pair distribution functions do not provide

enough information. Therefore, we expect to obtain im-

proved results by the triplet correlation functions instead

of the pair correlation functions.

In this work, the 2D LJ fluid is studied in two phases.

We have used the integral equations method and obtained

triplet correlation functions for calculating the thermo-

dynamical properties of this fluid. For this purpose, we

have applied the inhomogeneous Ornstein–Zernike (OZ)

equation, the Treizenberg–Zwanzwig (TZ) expression, and

hypernetted-chain (HNC) approximation. To solve the

OZ equation, we also used the rotational invariants in two

dimensions. In addition, we have performed the Monte

Carlo (MC) simulation for this system and compared with

the theoretical calculations.

This article is organized as follows: In Sec. 2, the calcu-

lation method of the correlation functions in three-particle

level is presented. In Sec. 3, the MC simulation technique

is briefly described. For brevity, only the main steps of the

simulation technique are presented here. In Sec. 4, the re-
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sults are discussed. Finally, the conclusion is presented in
Sec. 5.

2 Theory

In the late eighties, Attard described a source parti-
cle method to determine the triplet distribution functions
in three dimensions.[33−34] Attard extended the inhomoge-
neous OZ equation to the study of triplet correlation func-
tions using the Percus’s source particle method.[35] Until
then, the study of inhomogeneous integral equations had
mostly focused in confined fluids.

Here, we extend the Attard’s method for the 2D sys-
tems and obtain the triplet distribution function of 2D LJ
fluid. The 2D LJ potential can be written as

uLJ(r) = 4ǫ
[(σ

r

)12

−
(σ

r

)6]

, (1)

where ǫ sets the energy scale (the LJ energy parameter)
and σ the length scale (the LJ size parameter). Also r is
the center-center distance between two molecules.

To obtain the triplet correlation functions we consider
a 2D inhomogeneous fluid with the inhomogeneity caused
by an atom fixed at the origin. Therefore, the triplet dis-
tribution function of a uniform fluid is simply related to
the inhomogeneous pair distribution function in the pres-
ence of the source particle. In the following, we briefly
express the required equations that define our method.
Also, we explain our computational algorithm and numer-
ical results.

2.1 The HNC3 Approximation

It is to be noted that in 2D LJ fluid, the atoms interact
with circularly symmetric pair potential, u(1, 2) = u(r12).
Therefore, one can use the source particle method for de-
termining the triplet distribution function. The external

potential representing the atom fixed at the origin is given

by

V (1) = V (r1) = u(r1) . (2)

Note that the singlet density of a circularly inhomoge-

neous fluid is a function of the distance from the ori-

gin, ρ(1) = ρ(r1), and the inhomogeneous pair correlation

functions depend only on the distances of the two particles

from the origin and their mutual angle.

h(1, 2) = h(r1, r2, θ1, θ2) = h(r1, r2, θ12) , (3)

c(1, 2) = c(r1, r2, θ1, θ2) = c(r1, r2, θ12) . (4)

The 2D OZ equation can be written as[2,7]

h(r1, r2, θ12) = c(r1, r2, θ12) +

∫

dr3c(r1, r3, θ13)

× ρ(r3)h(r3, r2, θ32) , (5)

where h ≡ g − 1 is the total correlation function, g is

the radial distribution function, c is the direct correlation

function, and ρ is the singlet density profile. The surface

element in the polar coordinates is dr = rdrdθ.

The rotational invariant basis in two-dimensional is

given by[36]

f(r1, r2, θ12) = f(1, 2)

=
∞
∑

m,n=−∞

fmn(r1, r2)Ψ
mn(θ1, θ2) , (6)

where f is an arbitrary function and the invariants

Ψmn(θ1, θ2) are given by

Ψmn(θ1, θ2) = e i(mθ1+nθ2) . (7)

These invariants are orthogonal and the projections (or

the expansion coefficients) fmn can be expressed as

fmn(r1, r2) =
1

4π2

∫ 2π

0

dθ1

∫ 2π

0

dθ2f(r1, r2, θ12)Ψ
mn(θ1, θ2) . (8)

We expand the correlation functions in Eqs. (3), (4) and use the orthogonality of invariants to achieve the desired

factorization

ymn(r1, r2) = hmn(r1, r2) − cmn(r1, r2) = 2π
∞
∑

m′=−∞

∫

∞

0

r3dr3ρ(r3)c
m,−m′

(r1, r3)h
m′,n(r3, r2) . (9)

The OZ equation contains three unknown functions: i) the density, ii) the inhomogeneous direct, and iii) total

correlation functions. Thus, two more equations are required. There are several approximate closures which relate the

correlation functions and can hence be applied directly to the inhomogeneous problem. Two common examples are

Percus–Yevick (PY)[2]

c(r1, r2, θ12) = g(r1, r2, θ12){1 − exp[βu(r1, r2, θ12)]} , (10)

and the hypernetted-chain (HNC)[2]

h(r1, r2, θ12) = exp[h(r1, r2, θ12) − c(r1, r2, θ12) − βu(r1, r2, θ12)] − 1 . (11)

Here β = 1/kBT is the inverse temperature, and u is the pair potential.

There are several exact equations that relate the density profile to the external potential field V and the inhomoge-

neous pair correlation functions.[37−42] One of these popular equations is the Treizenberg and Zwanzwig (TZ) equation

which involves the total correlation function.[37−38] The TZ equation is expressed by

∇ρ(r1) = −βρ(r1)∇V (r1) − βρ(r1)

∫

dr2ρ(r2)h(r1, r2)∇V (r2) . (12)
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For circularly inhomogeneous systems, one can write

ρ′(r1) = −βρ(r1)V
′(r1) − βρ(r1)

∫

∞

0

∫ 2π

0

r2dr2dθ2ρ(r2)h(r1, r2, θ12) cos θ12V
′(r2)

= −βρ(r1)V
′(r1) − πβρ(r1)

∫

∞

0

r2dr2ρ(r2)[h
1−1(r1, r2) + h−11(r1, r2)]V

′(r2) , (13)

where the prime denotes differentiation with respect to argument.

2.2 Solution of the OZ Equation

The calculation method can be summarized into several steps. i) We apply the below relation

ymn(r1, r2) = hmn(r1, r2) − cmn(r1, r2) . (14)

This function obtains from a first approximation which sets it equal to the bulk pair correlation function calculated

from the HNC closure for a uniform fluid. ii) The HNC closure [Eq. (10)] can be applied to form a new h(r1, r2, θ12).

iii) A new direct correlation function determines from

c(r1, r2, θ12) = h(r1, r2, θ12) − b(r1, r2, θ12) . (15)

iv) A new density profile obtains by calculating the right-hand side of Eq. (13), and this is mixed with the old density. As

we know, a first approximation for the density profile is simply the bulk HNC. v) A new ymn(r1, r2) can be obtained

from the OZ Eq. (9), and this is also mixed with the previous estimate. This procedure repeats until satisfactory

convergence and self consistency is achieved in the various thermodynamic properties.

Note that all functions used in the calculations are defined on some finite grid with cutoff D. Also, a correction

ought be made for the truncation of the infinite integrals, Eqs. (9) and (13). Now, the OZ equation reads as

ymn(r1, r2) = 2π

∞
∑

m′=−∞

∫ D

0

r3dr3ρ(r3)c
m,−m′

(r1, r3)h
m′,n(r3, r2) + ymn

∞
(r1, r2) , (16)

where the contribution from beyond the grid can be approximated by

ymn
∞

(r1, r2) ≈ 2πρ
∞
∑

m′=−∞

∫ 2D

D

r3dr3c
m,−m′

∞
(r1, r3)h

m′,n
∞

(r3, r2) . (17)

As we see, the inhomogeneous pair correlation functions are only required on the grid, r1 < D, r2 < D. Here, we

correct the Eq. (13) as below

ρ′(r1) = −βρ(r1)V
′(r1) − πβρ(r1)

∫ D

0

r2dr2ρ(r2)[h
1−1(r1, r2) + h−11(r1, r2)]V

′(r2) − ρ(r1)ρ
′

∞
(r1) , (18)

where

ρ′
∞

(r1) ≈ −πβρ

∫ 2D

D

r2dr2[h
1−1(r1, r2) + h−11(r1, r2)]V

′(r2) . (19)

The density itself can be obtained by below relation

ρ(r1) =

∫ r1

D

ρ′(r2)dr2 + ρ(D) . (20)

3 Simulation Techniques

Phase transitions of real and model complex fluids are

of significant scientific and technological interest. From a

modeling point of view, it is often of considerable interest

to predict the phase behavior of a simplified system con-

taining the essential interactions of interest. Computer

simulations are a natural choice for this purpose. The fo-

cus of the present section in on a relatively simple and

computationally inexpensive set of techniques known col-

lectively under the name of Gibbs ensemble method. Al-

though the Gibbs ensemble does not necessarily provide

data of the highest possible accuracy and is not applicable

to many important classes of systems, it is now commonly

used for obtaining the phase behavior of fluids and mix-

tures. The main reason for this widespread use is probably
the simplicity of the method. Also, this method is easy to

describe and program, and has an intuitive physical basis.

3.1 Gibbs Ensemble Simulation

The Gibbs ensemble Monte Carlo simulation
(GEMCS) technique is the most direct way of computing

phase equilibria, and therefore of comparing the vapour-
liquid equilibrium properties of the LJ fluid. In this part,
a description is given of the simulation techniques that

are used in the present work. A more extensive descrip-
tion of the Gibbs ensemble technique can be found in the

literatures.[41−44]

Let us consider a macroscopic system with two phases
coexisting at equilibrium. Simulations in the Gibbs en-

semble are performed using two boxes, each box is simu-
lated within standard periodic boundary conditions. The
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boxes are kept at a constant temperature T , the total vol-

ume of the two boxes is fixed at V , and a fixed number

of N particles are distributed over the two boxes. The

algorithm consists of three basic moves: displacement of

particles within each box (displacement step), fluctuations

in the volume of the two boxes (volume exchange step),

and transfer of particles between the boxes (particle ex-

change step). The details of the theoretical basis of the

Gibbs ensemble Monte Carlo algorithm are described by

Panagiotopoulos.[43−44] Here, we mention some details to

clarify our implementation of GEMCS.

We perform the MC simulation technique in the Gibbs

ensemble to calculate the thermodynamical properties of

the 2D LJ fluid. In addition to the Gibbs ensemble, the

canonical ensemble also can be done to calculate the ther-

modynamical properties. A formal proof of the equiv-

alence of two ensembles can be found in Ref. [45]. A

convenient method in the Gibbs ensemble is to perform

a simulation in cycles. A cycle consisted of N1 attempt

to change the position of a particle in one of the boxes,

N2 attempt to change the volume of the subsystems, and

N3 attempt to exchange particles between the boxes. It

is to be noted that at each step of the simulation, the

equilibration condition must be fulfilled. In this work, we

perform a random choice at each MC step instead of per-

forming the sequential method. In Ref. [43], a more serious

disadvantage of the sequential method was mentioned by

Panagiotopoulos.

In the present work, we used 216 particles for he

Lennard–Jones calculations. Exchanges attempts were

made after every displacement attempts of a randomly

selected particle in both boxes. Volume change attempts

were performed after every 100 displacement and exchange

attempts. Each calculation used a spherical cutoff on the

interactions based on the distances of the center of masses.

In this work, we used a spherical cutoff, 2.5σ, for the cal-

culations of the LJ fluid. Also, the number of attempts

per cycle to insert a particle were 100 for 216 particles.

The number of cycles are given in Tables 1, 2, and 3.

4 Results and Discussion

As we know there are few numerical results, theoret-

ically, for the thermodynamical properties of the 2D LJ

fluid especially at three-particle level. For this reason, we

tried to obtain the thermodynamical properties (such as

pressure, energy, and chemical potential) of this fluid at

three-particle level. For this goal, we first used the ro-

tational invariants in two dimensions. Then, we solved

numerically the inhomogeneous OZ equation in two di-

mensions by using the TZ equation and the HNC approx-

imation. Therefore, we determined the energy, pressure,

and chemical potential for this particular fluid. We also

compared the results with our computer simulation.

In the numerical calculations and MC simulation, we

have used the reduced parameters. These parameters are

defined as [46]

T ∗ = kBT/ǫ, P ∗ = Pσ2/ǫ, ρ∗ = ρσ2. (21)

Table 1 shows the pressure values of the 2D LJ fluid

in the gas and liquid phases. These data obtained by the

HNC3 method and compared with our simulation results.

In Table 2, we have reported the energy of the 2D LJ

fluid in gas and liquid phases which obtained from the

HNC3 procedure. We also compared these results with

our simulation results.

Table 1 Pressure values (P ∗) in gas and liquid phases:
simulation P ∗

sim, and theoretical results P ∗

th for the 2D LJ
fluid.

T ∗ ρ∗ P ∗

sim P ∗

th P ∗
a

sim

Gas phase 0.450 0.030 0.0120 0.0118 0.011

0.460 0.036 0.0130 0.0127 0.012

0.470 0.050 0.0180 0.0176 0.017

0.480 0.053 0.0180 0.0176 0.017

0.490 0.064 0.0210 0.0206 0.020

0.495 0.070 0.0220 0.0216 0.021

0.500 0.090 0.0250 0.0245 0.024

0.505 0.090 0.0280 0.0274 0.027

0.515 0.28 0.0270 0.0265 0.026

Liquid phase 0.450 0.722 0.020 0.019 0.01

0.460 0.72 0.020 0.019 0.01

0.470 0.70 0.020 0.019 0.01

0.480 0.68 0.020 0.019 0.01

0.490 0.65 0.030 0.029 0.02

0.495 0.65 0.030 0.029 0.02

0.500 0.65 0.040 0.039 0.03

0.505 0.64 0.040 0.039 0.03

0.515 0.43 0.040 0.039 0.03

a The simulation results of Ref. [41].

Table 2 Energy values (E) in gas and liquid phases:
simulation Esim, and theoretical results Eth for the 2D
LJ fluid.

T ∗ ρ∗ −Esim −Eth −Ea
sim

Gas phase 0.450 0.030 0.4 0.39 0.3

0.460 0.036 0.4 0.39 0.3

0.470 0.050 0.5 0.49 0.45

0.480 0.053 0.45 0.44 0.4

0.490 0.064 0.55 0.53 0.5

0.495 0.070 0.65 0.63 0.6

0.500 0.090 0.65 0.63 0.6

0.505 0.090 0.95 0.93 0.9

Liquid phase 0.450 0.722 2.28 2.23 2.26

0.460 0.72 2.25 2.20 2.23

0.470 0.70 2.21 2.17 2.19

0.480 0.68 2.13 2.08 2.11

0.490 0.65 2.07 2.03 2.05

0.495 0.65 2.02 1.98 2.0

0.500 0.65 2.05 2.01 2.03

0.505 0.64 2.02 1.98 2.0

a The simulation results of Ref. [41].
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Table 3 displays the chemical potential of the 2D LJ
fluid in gas and liquid phases which calculated by the
HNC3 method. The results also have been compared with
our simulation data. In Tables 1–3, our results have also
been compared with simulation data of Ref. [47]. It is seen
from Tables 2 and 3 that there is a turning point for the
energy and chemical potential values of the liquid phase.
It is worth mentioning that such turning points have been
observed in previous works like Refs. [47–48]. From the
obtained data, one can deduce that there is a critical phe-
nomenon. To clarify this problem, we have plotted ρ-T
curve for a 2D LJ fluid in Fig. 2. Other authors in the pre-
vious works[47−48] have predicted this phenomenon. They
could obtain the critical temperature and density. To ob-
tain more information, the reader can refer to [47–50].

Table 3 Chemical potential values (µ) in gas and liq-
uid phases : simulation µsim, and theoretical results µth

for the 2D LJ fluid.

T ∗ ρ∗ −µsim −µth −µa
sim

Gas phase 0.450 0.030 1.79 1.75 1.77

0.460 0.036 1.78 1.74 1.76

0.470 0.050 1.74 1.70 1.72

0.480 0.053 1.76 1.73 1.74

0.490 0.064 1.74 1.70 1.72

0.495 0.070 1.72 1.69 1.70

0.500 0.090 1.72 1.69 1.70

0.505 0.090 1.71 1.68 1.69

0.515 0.28 1.70 1.67 1.68

Liquid phase 0.450 0.722 1.84 1.80 1.82

0.460 0.72 1.84 1.80 1.82

0.470 0.70 1.75 1.71 1.73

0.480 0.68 1.73 1.70 1.71

0.490 0.65 1.71 1.68 1.69

0.495 0.65 1.73 1.70 1.71

0.500 0.65 1.73 1.70 1.71

0.505 0.64 1.68 1.65 1.66

0.515 0.43 1.73 1.70 1.71

a The simulation results of Ref. [41].

One of the approximate theories for the 2D LJ fluid
is the perturbation theory. In this theory, the hard
disks system considers as a reference system. There are
several perturbation theories such as the Zwanzig (Z),
the Gibbs–Bogoliubov (GB), and the Weeks–Chandler–
Andersen (WCA).[8]

In Fig. 1, we have plotted the P -T curve obtained from
the present work, the WCA perturbation theory,[48] the
GB perturbation theory, and simulation data.[47] One can
see an important and interesting problem in this figure.
At higher temperatures, it is obvious from the figure that
our theoretical results (HNC3) deviate from the simula-
tion data from Ref. [41]. Related to this deviation, four
points should be noted: (i) Including all terms in Eq. (16)
is not possible. (ii) There are different functions in our
calculations which have various ranges. Hence, at higher
temperatures, these functions have different values. (iii)

All functions used in the calculations are defined on some
finite grid with cutoff D. This cutoff can be temperature-
dependent. (iv) In the Attard’s source particle method,
the external potential has been considered as hard par-
ticles [Eq. (13)]. At higher temperatures, these particles
may not be as hard particles and they can penetrate to
each other.

Figure 2 shows the reduced density as a function of
reduced temperature. This figure presents liquid-gas co-
existence curve of a 2D Lennard–Jones fluid.

Fig. 1 P -T liquid-gas curve for a 2D LJ system.
The results of this work (solid line) are compared with
the simulation results[41] (open circles), the Gibbs–
Bogoliubov variational method[42] (dashed curve), and
Weeks–Chandler–Andersen theory[42] (dotted curve).

Fig. 2 ρ-T liquid-gas coexistence curve of a 2D
Lennard–Jones fluid. Open and solid circles correspond
to liquid and gas phases, respectively. We have obtained
these results from simulation method.

5 Conlusion

In the present work, we have theoretically studied ther-
modynamical properties of a 2D fluid. We have obtained
pressure, energy, and chemical potential of a 2D Lennard–
Jones fluid. In the previous works, researchers have calcu-
lated these properties by using the pair correlation func-
tions. But, in this paper, we have obtained these ther-
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modynamical properties by using triplet correlation func-
tions. To calculate the triplet correlation functions, we
have solved the OZ and TZ equations by using HNC clo-
sure relation. We also have applied the Attard’s source
particle method and extended to 2D fluids. In addition
to numerical calculations, we also have performed the MC
simulations.

According to the results obtained from the present
work for the thermodynamical properties of the 2D LJ
fluid reveals that these properties can be obtained rela-
tively from integral equations method using the HNC ap-
proximation. For the 2D LJ fluid, we have reported the

pressure, energy, chemical potential, and P -T curves. Our
theoretical results are in fairly agreement with numeri-
cal calculations obtained from our computer simulation
results and other results from Refs. [47–48]. The simula-
tion results demonstrate that the our theoretical approach
proposed here is suitable to determine thermodynamical
properties 2D LJ fluid. We also have obtained the coexis-
tence curve [ρ-T curve] of a 2D Lennard–Jones fluid.

In summary, the Attard’s source particle method is ex-
tensible to 2D systems. Using this method and triplet cor-
relation functions, one can obtain thermodynamical prop-
erties of 2D fluids.
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