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Abstract Symmetry reduction method is one of the best ways to find exact solutions. In this paper, we study the

possibility of symmetry reductions of the well known Burgers equation including the nonlocal symmetry. The related

new group invariant solutions are obtained. Especially, the interactions among solitons, Airy waves, and Kummer waves

are explicitly given.
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1 Introduction

Since the Lie group theory was introduced by So-
phus Lie to study differential equations,[1] the study of

Lie group has been an important subject in mathemat-
ics and physics. Using both the classical, non-classical
Lie group approaches[2−3] and the direct method,[4] one
can reduce the dimensions of partial differential equations

(PDEs) and proceed to construct analytical solutions.
Usually, one first studies the symmetry algebras of real

physical problems and then the related symmetry groups
via Lie’s first principle. The recent studies show us that
for many kinds of nonlinear partial differential equations,

to directly find symmetry groups may be much more con-
venient than to first find related symmetry algebras.[5]

References [6–7] reveal that there are infinitely many
nonlocal symmetries. It is known that utilizing Lie point
symmetries, the dimensions of the related PDEs can be

reduced. An important problem is how to use the non-
local symmetries to reduce the dimensions of the original
PDEs? A simple and direct way to solve this problem is
the so-called localization method of nonlocal symmetries.

In other words, the original system is prolonged to a larger
system such that the nonlocal symmetry of the original
model becomes a local one of the prolonged system.[8]

In this paper, we first write down a nonlocal symmetry
for the Burgers equation. Then, we apply the localization

procedure to the nonlocal symmetry to obtain new exact
symmetry reductions and exact solutions. The solitons
and/or solitary waves have been widely applied in almost
all the physics branches.[9] Among these equations, the

Burgers equation is the simplest one.[10] Burgers equation

is a fundamental partial differential equation from fluid

mechanics. It occurs in various areas of applied physics

such as modeling of gas dynamics and traffic flow. For

a given velocity u and viscosity coefficient ν, the general

form of Burgers equation can be written as

ut + uux = νuxx , (1)

where the subscripts denote the differentiations. In

Ref. [11], the infinitely many symmetries (related potential

symmetries) and exact solutions of the Burgers equation

are obtained by repeated symmetry reduction approach.

In this paper, we will find new nonlocal symmetries related

to the Schwazian Burgers equation.

2 Truncated Painlevé Expansion and

Schwarzian Burgers Equation

The key point to find new nonlocal symmetries is to

transform the Burgers equation to its Schwarzian form via

the truncated Painlevé expansion.

The Painlevé analysis is one of the effective ways to

study nonlinear systems. Using the Painlevé analysis for

an integrable system, one can find not only its Painlevé

property, but also the Bäcklund transformation, bilinear

form, Lax pair, Schwarzian form, nonlocal symmetry, and

so on.

For the Burgers equation, its truncated Painlevé ex-

pansion has the form

u =
u0

f
+ u1 , (2)

where the function f is the singularity manifold, and the

functions u0 and u1 are related to the derivatives of f and
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should be determined by substituting Eq. (2) into Eq. (1)

and vanishing the coefficients of f i for different i.

After substituting Eq. (2) into the Burgers equation,

we can prove the following theorem.

Theorem 1 (Non-auto Bäclund transformation theo-

rem). If f is a solution of the Schwarzian Burgers equation

Ct =
(

2νCx +
C2

2
− ν2S

)

x
, C ≡ ft

fx
,

S ≡ fxxx

fx
− 3

2

f2
xx

f2
x

, (3)

then both

u = ν(ln fx)x − C , (4)

u = ν
(

ln
fx

f2

)

x
− C (5)

are solutions of the Burgers equation (1).

Proof Substituting Eq. (2) into the Burgers equation, we

have

u1t − νu1xx + u1u1x +
(

u0t − νu0xx + (u0u1)x

)

f−1

+
[

2νu0xfx +
(

νfxx + u0x − u1fx − ft

)]

f−2

− u0fx(u0 + 2νfx)f−3 = 0 . (6)

Vanishing the coefficient of f−3 in Eq. (6), the only non-

trivial solution is

u0 = −2νfx . (7)

Vanishing the coefficient of f−2 in Eq. (6) and using

Eq. (7), we have

u1 = ν(ln fx)x − C . (8)

Using Eqs. (7) and (8), it is not difficult to find that the

coefficient of f−1 identically becomes zero.

The coefficient of f0 in Eq. (6) is nothing but the Burg-

ers equation for u = u1, that means u given by Eq. (4)

is a solution of the Burgers equation. Equation (1) with

Eqs. (7) and (8) is just the result (5). Finally, substi-

tuting Eq. (8) into the BE (i.e., the equation obtained

from vanishing the coefficient of f0 of Eq. (6) leads to the

Schwarzian equation (3). The non-auto Bäclund transfor-

mation theorem 1 is proved.

3 Localization of Nonlocal Symmetry for the

Burgers Equation

From the proof procedure of the Theorem 1, it is

straightforward to prove the following nonlocal symmetry

theorem.

Theorem 2 (Nonlocal symmetry theorem). If f is a

solution of the Schwarzian Burgers equation (3), then

σ = fx (9)

is a nonlocal symmetry of the Burgers equation (1).

Proof A symmetry, σ, of a nonlinear system is defined

by a solution of its linearized equation. For the Burgers

equation (1), its symmetries are solutions of

σt − νσxx + (σu)x = 0 . (10)

That means the Burgers equation (1) is form-invariant

under the transformation,

u → u + ǫσ , (11)

where ǫ is an infinitesimal parameter.

In the proof procedure of the Theorem 1, we know that

u1 is just a solution of the Burgers equation (1). Compar-

ing the coefficients of f−1 in Eq. (6) and the symmetry

definition equation (10), we know that u0 satisfies just the

symmetry definition equation. Thus, fx ∼ u0 is a symme-

try of the Burgers equation. Furthermore, the function f

and then fx is linked with u nonlocally via (4). There-

fore, the symmetry is nonlocal. The nonlocal symmetry

Theorem 2 is proved. Of course, the Theorem 2 can also

be directly proved by substituting Eq. (9) into the sym-

metry definition equation (10) via the Schwarzian Burgers

equation (3).

The symmetry transformation (11) tells us that a sym-

metry, σ = σ(u), links two solutions approximately. To

find exact relation between two exact solutions, one has

to solve the initial value problem,

du′(ǫ)

dǫ
= σ(u′(ǫ)) , u′(0) = u , (12)

due to the Lie’s first principle.[1]

However, for the nonlocal symmetry (9), we can not

solve the initial value problem (12) directly. To solve the

initial problem (12) with Eq. (9), we have to prolong the

original system such that the nonlocal symmetry of the

original model can be changed to a local Lie point sym-

metry for the prolonged larger system.

To localization the nonlocal symmetry (9), we have to

know what will be changed for the potential fields f and

g = fx , (13)

when the field u possesses the symmetry

σu = fx = g . (14)

That means we have to solve the symmetry definition

equations,

ftσ
f
x − fx(σf

t − νσf
xx + fxσ) − νfxxσf

x = 0 , (15)

σg = σf
x , (16)

which are the linearized equations of Eqs. (4) and (13)

respectively.

It is not difficult to verify that the corresponding so-

lution of Eqs. (15) and (16) with Eq. (14) has the form

σf =
f2

2ν
+ c1f + c0 , (17)

σg =
g(f + c1ν)

ν
, (18)

where c1 and c0 are arbitrary constants.

From Eqs. (14), (17), and (18), we know that the non-

local symmetry of the single Burgers equation becomes a

Lie point symmetry for the enlarged system (1), (4), and

(13).
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Now, the initial value problem (12) becomes

du′(ǫ)

dǫ
= g′(ǫ) , u′(0) = u ,

df ′(ǫ)

dǫ
=

1

2ν
f ′2(ǫ) + c1f

′(ǫ) + c0 , f ′(0) = f ,

dg′(ǫ)

dǫ
=

1

ν
[f ′(ǫ) + c1ν]g′(ǫ) , g′(0) = g . (19)

Solving the initial value problem, the following auto

Bäcklund transformation theorem is proved.

Theorem 3 (Auto-Bäcklund transformation theo-

rem). If {u, f, g} is a solution of the enlarged system

{(1), (4), (13)}, so are {u′, f ′, g′} and {u′′, f ′′, g′′} for

u′ = u − 2gν
f + c1ν + α tanh[αa/2ν − arctanh((f + c1ν)/α)]

(f + c1ν)2 − α2
,

f ′ = −c1ν − α tanh
[αa

2ν
− arctanh

(f + c1ν

α

)]

, g′ = −α2g
sech2

[

αa/2ν − arctanh((f + c1ν)/α)]

(f + c1ν)2 − α2
, (20)

with α ≡
√

c2
1ν

2 − 2c0ν 6= 0 and

u′′ = u − 2gνǫ

ǫ(f + c1ν) − 2ν
, f ′′ = ν

2f + c1ǫ(f + c1ν)

2ν − ǫ(f + c1ν)
, g′′ =

4ν2g

(ǫ(f + c1ν) − 2ν)2
, (21)

with α = 0.

4 Symmetry Reductions

Though the symmetry reduction solutions of the single Burgers equation have been studied by many authors and

a large number of results have been obtained, however, the symmetry reductions related to the nonlocal symmetry

(14) have not yet been discussed before. To find the corresponding new symmetry reductions related to the nonlocal

symmetry (14), we have to study the full Lie point symmetries of the enlarged system {(1), (4), (13)}.
The generalized Lie point symmetries of the extended system of the fields {u, f, g} possess the form,

σu = X(x, t, u, f, g)ux + T (x, t, u, f, g)ut − U(x, t, u, f, g) ,

σf = X(x, t, u, f, g)fx + T (x, t, u, f, g)ft − F (x, t, u, f, g) ,

σg = X(x, t, u, f, g)gx + T (x, t, u, f, g)gt − G(x, t, u, f, g) , (22)

where X ≡ X(x, t, u, f, g), T ≡ T (x, t, u, f, g), U ≡ U(x, t, u, f, g), F ≡ F (x, t, u, f, g), and G ≡ G(x, t, u, f, g) are

functions of the indicated variables.

Substituting Eq. (22) into the symmetry definition (10), (15), and (16) and using the extended system to eliminate

nonindependent quantities, ut, fx, ft and gt, one can get a set of determining equations for X , T , U , F , and G. Solving

the determining equation system, we get the following Lie point symmetry theorem.

Theorem 4 (Lie point symmetry theorem of the prolonged system). The prolonged Burgers system {(1), (4), (13)}
possesses the Lie point symmetries

σu = (c2tx + c0t − c1x + x0)ux + (c2t
2 − 2c1t + t0)ut + (c2t − c1)u − cg − c0 − c2x ,

σf = (c2tx + c0t − c1x + x0)fx + (c2t
2 − 2c1t + t0)ft −

cf2

2ν
− a1f − a2 ,

σg = (c2tx + c0t − c1x + x0)gx + (c2t
2 − 2c1t + t0)gt −

cgf

ν
+ (c2t − c1 − a1)g, (23)

where c0, c1, c2, x0, t0, c, a1, and a2 are arbitrary constants.

It is clear that c, a1, and a2 related parts in the Lie point symmetry theorem is just the nonlocal symmetry of the

single Burgers equation mentioned before. To find symmetry reductions of a nonlinear system means to find the group

invariant solutions which is guaranteed by σu = σf = σg = 0,

0 = (c2tx + c0t − c1x + x0)ux + (c2t
2 − 2c1t + t0)ut + (c2t − c1)u − cg − c0 − c2x ,

0 = (c2tx + c0t − c1x + x0)fx + (c2t
2 − 2c1t + t0)ft −

cf2

2ν
− a1f − a2 ,

0 = (c2tx + c0t − c1x + x0)gx + (c2t
2 − 2c1t + t0)gt −

cgf

ν
+ (c2t − c1 − a1)g . (24)

To solve the group invariant conditions (24) and the prolonged Burgers system, we can get four symmetry reduction

theorems. Here, we just write these reduction theorems without any proofs because one can directly substitute them

into the Burgers equation to verify the correctness.
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Theorem 5 (Symmetry reduction theorem 1). If G ≡ G(ξ) is a solution of the reduction equation

Gξξ =
3

2

G2
ξ

G
+

B2
√

t0Gξ

cA2ν2G
− f0G +

2c2G3

t0B2A4
− ξ2G

2ν2A6
+

t0B
4

c2ν4A4G
, (25)

then

u =
2cνA2

√
t0G tanh[(B/2Aν)(F + arctanh((A2 − c2

1)t + c1t0)/At0)] − tBξ(A2 − c2
1) + U

BA2
√

t0
√

(c1t − t0)2 − A2t2
+

x0

t0
− x0c

2
1

t0A2
− c0c1

A2
(26)

is a solution of the Burgers equation (1), where A, B, c, c0, c1, x0, and t0 are arbitrary constants, and the functions

U and F are related to G by

U = Bt0

(

νA4 Gξ

G
+

B2A2
√

t0
2cνG

− c1ξ
)

, F = − 2cν

AB2
√

t0

∫

Gdξ , (27)

with the independent variable ξ,

ξ =
A2(xt0 − x0t) + (c1t − t0)(x0c1 + c0t0)√

t0
√

(c1t − t0)2 − A2t2
. (28)

Theorem 6 (Symmetry reduction theorem 2). If F ≡ F (η) is a solution of the reduction equation,

Fηηηη =
Bt0 sinh(2F )

ν2

(

F 2
η − Fηηη

4Fη
+

Fηη

2F 2
η

)

+
B2t20
64ν2

sinh(4F ) + 4FηFηη + 4
FηηηFηη

Fη

− 3
F 3

ηη

F 2
η

− t0
8ν2

[(x0c1 + c0t0)Fη + 4B cosh(2F )Fηη ] − B2t20Fηη

128ν4F 2
η

[

cosh(4F ) − 1
]

, (29)

then

u =
4νFη

t0 − c1t
tanh

[

F +
1

2
ln

4t0B exp(Bt0/νc1(c1t − t0)) + ν

4t0B exp(Bt0/(νc1(c1t) − t0)) − ν

]

− Bt0 sinh(2F ) − 8ν2Fηη

4νFη(c1t − t0)
+

c1

2
η +

t0(x0c1 + c0t0)

2c1(c1t − t0)2
,

η =
2x

c1t − t0
+

x0c1 + c0(2c1t − t0)

c2
1(c1t − t0)2

t0 (30)

is a solution of the Burgers equation (1) with arbitrary
constants B, c0, c1, t0, and x0.
Theorem 7 (Symmetry reduction theorem 3). If {U ≡
U(τ), F ≡ F (τ)} is a solution of the reduction equation
system

νUτ −
1

2
U2+x0U−c0τ−C1 = 0 , τ = x− c0

2
t2−x0t , (31)

νFττ − UFτ − BF 2
τ + x0Fτ − 1 = 0 , (32)

with arbitrary constants c0, x0, and B, then

u = U + BFτ

(

1 − tanh
B(t + F )

2ν

)

+ c0t (33)

is a solution of the Burgers equation (1).
Theorem 8 (Symmetry reduction theorem 4). If
F ≡ F (z) with z = x − t/t0 is a solution of the reduc-
tion equation,

4ν2t0FzFzzz(B − 4ν2Fzz) + Fzz(B − 2t0ν
2Fzz)

×(B − 6ν2t0Fzz) − 4ν4t20(4F 2
z Fzz − Fzzzz) = 0 , (34)

where B and t0 are arbitrary constants, then

u = −2νFz tanh
( Bt

2νt0
+ F

)

− B

2νt0Fz
+

1

t0
+ ν

Fzz

Fz
(35)

is a solution of the Burgers equation (1).

5 Examples of Exact Solution

In this section, we solve some of reduction equations to
exhibit some exact interaction solutions between different
types of Burgers waves.

Example 1 (Soliton-Kummer waves). For the first type

of reduction equation (25), its general solution has the
form

G = −B
√

t0ξ

2cAν
+

BA2
√

t0
2c

×
(

ln
B1K2(µ+, 3/2, y) + B2K1(µ+, 3/2, y)

C1K1(µ−, 3/2,−y) + C2K2(µ−, 3/2,−y)

)

ξ

,

µ± =
3

4
− B

4Aν
± 1

4
νA3F0 , y ≡ ξ2

2A3ν
, (36)

where C1, C2, F0, B1, and B2 are arbitrary constants,
K1(µ, ν, y) and K2(µ, ν, y) are the first and second kinds

of Kummer functions, which are two linearly independent
solutions of the Kummer equation (K ≡ K(y))

yKyy + (ν − y)Ky − µK = 0 . (37)

So it is clear that the solution (26) wirh Eqs. (27), (28),

and (36) is a soliton-Kummer wave interaction solution.
Example 2 (Soliton-Airy waves). For the third type
of reduction equation (31), its general solution can be ex-

pressed by Airy wave functions,

U = x0 − 2ν [ln(C2Ai(τ1) + C1Bi(τ1))]τ ,

τ1 =
1

(4c0ν)2/3
(x2

0 − 2τc0 − C0) , (38)

F =
ν

B

[

ln
(C2Ai(τ1) + C1Bi(τ1))

(C3Ai(τ2) + C4Bi(τ2))

]

+ f0 , (39)

where C1, C2, C3, C4, and f0 are integral constants,
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Ai ≡ Ai(τ1) and Bi ≡ Bi(τ1) are Airy Ai and Airy Bi

wave functions, which are linearly independent solutions
for w ≡ w(τ1) in the Airy equation

wτ1τ1
− τ1w = 0 . (40)

So, the solution (33) with Eqs. (38) and (39) denotes the
soliton-Airy wave interaction solution of the Burgers equa-
tion (1).
Example 3 (Soliton-soliton interaction). The fourth
reduction equation possesses the general solution

F =
1

2
ln

cosh(
√

C1/2ν(z + z0))

cosh(
√

2t0(C1νt0 − 2B)/2νt0(z + z1))
+f0 , (41)

with four arbitrary integral constants C1, z0, z1, and f0.
Clearly, the solution (35) with Eq. (41) denotes a soliton-
soliton interaction solution.

Unfortunately, for the second type of reduction equa-
tion (29), we have not yet found its general solution be-
cause of its complexity.

6 Summary and Discussions

In summary, the Burgers equation is studied by the

well known effective symmetry reduction method but with

nonlocal symmetry. The nonlocal symmetry of the Burg-

ers equation (1) is firstly obtained by using the trun-

cated Painlevé expansion and then is localized via pro-

longation procedure. After the localization, the Bäcklund

transformation of Burgers equation (1) is obtained via

the Lie’s first principle. For the prolonged Burgers sys-

tem {(1), (5), (13)}, the standard Lie point symmetry ap-

proach is used to find interactions between solitons and

other Burgers waves including the Kummer waves and

Airy waves.

The method and the results obtained here can be ex-

tended to all the integrable models. The details on the

method for other nonlinear systems, other type of inter-

action solutions such as the solution of Eq. (29) and so on

are worthy of further study.
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