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Abstract Symmetry reduction method is one of the best ways to find exact solutions. In this paper, we study the
possibility of symmetry reductions of the well known Burgers equation including the nonlocal symmetry. The related
new group invariant solutions are obtained. Especially, the interactions among solitons, Airy waves, and Kummer waves

are explicitly given.
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1 Introduction

Since the Lie group theory was introduced by So-
phus Lie to study differential equations,! the study of
Lie group has been an important subject in mathemat-
ics and physics. Using both the classical, non-classical
Lie group approaches?=3! and the direct method,!*! one
can reduce the dimensions of partial differential equations
(PDESs) and proceed to construct analytical solutions.

Usually, one first studies the symmetry algebras of real
physical problems and then the related symmetry groups
via Lie’s first principle. The recent studies show us that
for many kinds of nonlinear partial differential equations,
to directly find symmetry groups may be much more con-
venient than to first find related symmetry algebras.®!

References [6-7] reveal that there are infinitely many
nonlocal symmetries. It is known that utilizing Lie point
symmetries, the dimensions of the related PDEs can be
reduced. An important problem is how to use the non-
local symmetries to reduce the dimensions of the original
PDEs? A simple and direct way to solve this problem is
the so-called localization method of nonlocal symmetries.
In other words, the original system is prolonged to a larger
system such that the nonlocal symmetry of the original
model becomes a local one of the prolonged system. 8!

In this paper, we first write down a nonlocal symmetry
for the Burgers equation. Then, we apply the localization
procedure to the nonlocal symmetry to obtain new exact
symmetry reductions and exact solutions. The solitons
and/or solitary waves have been widely applied in almost
all the physics branches.”” Among these equations, the
Burgers equation is the simplest one.['% Burgers equation

is a fundamental partial differential equation from fluid
mechanics. It occurs in various areas of applied physics
such as modeling of gas dynamics and traffic flow. For
a given velocity u and viscosity coefficient v, the general
form of Burgers equation can be written as

Ut + UUy = VUgy , (1)

where the subscripts denote the differentiations. In
Ref. [11], the infinitely many symmetries (related potential
symmetries) and exact solutions of the Burgers equation
are obtained by repeated symmetry reduction approach.
In this paper, we will find new nonlocal symmetries related
to the Schwazian Burgers equation.

2 Truncated Painlevé Expansion and

Schwarzian Burgers Equation

The key point to find new nonlocal symmetries is to
transform the Burgers equation to its Schwarzian form via
the truncated Painlevé expansion.

The Painlevé analysis is one of the effective ways to
study nonlinear systems. Using the Painlevé analysis for
an integrable system, one can find not only its Painlevé
property, but also the Bécklund transformation, bilinear
form, Lax pair, Schwarzian form, nonlocal symmetry, and
SO on.

For the Burgers equation, its truncated Painlevé ex-
pansion has the form

u:%—i—ul, (2)

where the function f is the singularity manifold, and the
functions ug and u; are related to the derivatives of f and
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should be determined by substituting Eq. (2) into Eq. (1)
and vanishing the coefficients of f? for different i.

After substituting Eq. (2) into the Burgers equation,
we can prove the following theorem.
Theorem 1 (Non-auto Béclund transformation theo-
rem). If f is a solution of the Schwarzian Burgers equation

2
Ct:(2l/cw+%—l/25)m, 05%7

_ feex 3 f2

= T3 (3)
then both
u=v(lnf). — C, (4)
fa

u:u(lnﬁ)x—c (5)

are solutions of the Burgers equation (1).
Proof Substituting Eq. (2) into the Burgers equation, we
have

Ute — VUige + Ui + (Uor — Vioze + (Uou1)g) f 7
+ [2V'U/Omf;v + (mem +uoz — U1 fr — ftﬂ f72
—ugfe(ug +2vf)f 2 =0. (6)

Vanishing the coefficient of f~2 in Eq. (6), the only non-
trivial solution is

ug = —2vf,. (7)

Vanishing the coefficient of f~2 in Eq. (6) and using
Eq. (7), we have

up =v(ln fp), — C. ()

Using Eqs. (7) and (8), it is not difficult to find that the
coefficient of f~! identically becomes zero.

The coefficient of ¥ in Eq. (6) is nothing but the Burg-
ers equation for u = w1, that means u given by Eq. (4)
is a solution of the Burgers equation. Equation (1) with
Egs. (7) and (8) is just the result (5). Finally, substi-
tuting Eq. (8) into the BE (i.e., the equation obtained
from vanishing the coefficient of f° of Eq. (6) leads to the
Schwarzian equation (3). The non-auto Béclund transfor-
mation theorem 1 is proved.

3 Localization of Nonlocal Symmetry for the
Burgers Equation
From the proof procedure of the Theorem 1, it is
straightforward to prove the following nonlocal symmetry
theorem.
Theorem 2 (Nonlocal symmetry theorem). If f is a
solution of the Schwarzian Burgers equation (3), then

o= fu (9)
is a nonlocal symmetry of the Burgers equation (1).
Proof A symmetry, o, of a nonlinear system is defined
by a solution of its linearized equation. For the Burgers
equation (1), its symmetries are solutions of

(10)

0t — VOze + (ou)z =0.

That means the Burgers equation (1) is form-invariant
under the transformation,

(11)

U — u-+e€eo,

where € is an infinitesimal parameter.

In the proof procedure of the Theorem 1, we know that
uq is just a solution of the Burgers equation (1). Compar-
ing the coefficients of =1 in Eq. (6) and the symmetry
definition equation (10), we know that ug satisfies just the
symmetry definition equation. Thus, f, ~ ug is a symme-
try of the Burgers equation. Furthermore, the function f
and then f, is linked with u nonlocally via (4). There-
fore, the symmetry is nonlocal. The nonlocal symmetry
Theorem 2 is proved. Of course, the Theorem 2 can also
be directly proved by substituting Eq. (9) into the sym-
metry definition equation (10) via the Schwarzian Burgers
equation (3).

The symmetry transformation (11) tells us that a sym-
metry, o = o(u), links two solutions approximately. To
find exact relation between two exact solutions, one has
to solve the initial value problem,

du'(d) _ .
L = ol(@),

due to the Lie’s first principle.!!]

However, for the nonlocal symmetry (9), we can not
solve the initial value problem (12) directly. To solve the
initial problem (12) with Eq. (9), we have to prolong the
original system such that the nonlocal symmetry of the
original model can be changed to a local Lie point sym-
metry for the prolonged larger system.

To localization the nonlocal symmetry (9), we have to
know what will be changed for the potential fields f and

(12)

ST (13)
when the field u possesses the symmetry
ot =fr=g. (14)

That means we have to solve the symmetry definition
equations,

fiol — folof —vol, + fo0) = Vfrol =0,

g — 5f
oy =0,

(15)
(16)
which are the linearized equations of Eqgs. (4) and (13)
respectively.

It is not difficult to verify that the corresponding so-

lution of Eqs. (15) and (16) with Eq. (14) has the form
2

H=%+m4%, (17)
g 9(f +av)
ot = LAY, (18)

where ¢; and ¢ are arbitrary constants.

From Egs. (14), (17), and (18), we know that the non-
local symmetry of the single Burgers equation becomes a
Lie point symmetry for the enlarged system (1), (4), and
(13).
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s dg’ 1
Now, the initial value problem (12) becomes gdif) _ ;[f’(e) ravlg(e), ¢0) =g. (19)
) Solving the initial value problem, the following auto
du/(e) =g'(e), W(0)=u Bécklund transformation theorem is proved.
de Theorem 8  (Auto-Bicklund transformation theo-
df'(e) 1 ., , , rem). If {u,f,g} is a solution of the enlarged system
de ~gp OralOra FOIZL 0 ), @), (19} s0are (£ g’} and (o 19"} for

f+ civ + atanh[oa/2v — arctanh((f + c1v)/a))
” (T +ewp —a?

/
u =u-—2 )

sech?|aa/2v — arctanh((f + c1v) /)]

, aa f+av ,
f = —civ — atanh {Z—arctanh( - )] , g =-—a‘g Frei—o , (20)
with @ = \/c3v? — 2¢or # 0 and
W = 2gve f// o 2f + Cle(f + Cly) " _ 47/29 (21)

Cftew) -2’ -7 2v—e(f+ew) g (e(f + ) —2v)%"

with o = 0.

4 Symmetry Reductions

Though the symmetry reduction solutions of the single Burgers equation have been studied by many authors and
a large number of results have been obtained, however, the symmetry reductions related to the nonlocal symmetry
(14) have not yet been discussed before. To find the corresponding new symmetry reductions related to the nonlocal
symmetry (14), we have to study the full Lie point symmetries of the enlarged system {(1), (4), (13)}.

The generalized Lie point symmetries of the extended system of the fields {u, f, g} possess the form,

Uu = X(‘Tutauuf?g)uw +T(x,t,u,f,g)ut - U(x,t,u,f,g),

of = X(a,t,u, f,9)fo +T(x,t,u, f.9)fe = Flz,t,u, f.g),

0—‘7 = _X(:I;, t? u? f7 g)gw + T(:L.7 t? u? f7 g)gt - G(‘r7 t? u7 f? g) ) (22)
Where X = X(‘Tut7u7f7g)7 T = T(:C,t,u,ﬁg), U = U(x,t,u,f,g), F = F(x,t,u,f,g), and G = G(:C,t,u,f,g) are
functions of the indicated variables.

Substituting Eq. (22) into the symmetry definition (10), (15), and (16) and using the extended system to eliminate

nonindependent quantities, u¢, fz, ft and g¢, one can get a set of determining equations for X, T', U, F', and G. Solving
the determining equation system, we get the following Lie point symmetry theorem.

Theorem 4 (Lie point symmetry theorem of the prolonged system). The prolonged Burgers system {(1), (4), (13)}
possesses the Lie point symmetries

o = (cotx + cot — 12 + 20 )ug + (cot? — 2c1t + to)us + (cat — ¢1)u — cg — ¢y — cat,
2

X c
ol = (cotx + cot — c12 + x0) fo + (02t2 —2c1t +to) fr — 2f—y —a1f — a9,

c
09 = (eatx + cot — 12 4+ x0)gs + (02t2 —2c1t +to)g: — QTf + (eat — 1 — a1)yg, (23)

where ¢, c1, c2, Zo, to, ¢, a1, and ag are arbitrary constants.

It is clear that ¢, a1, and ao related parts in the Lie point symmetry theorem is just the nonlocal symmetry of the
single Burgers equation mentioned before. To find symmetry reductions of a nonlinear system means to find the group
invariant solutions which is guaranteed by o* = o/ = ¢9 = 0,

0 = (catx + cot — c120 + To)uy + (cat? — 2¢1t + to)us + (cat — ¢1)u — cg — co — o,
2

c
0= (cﬂx—i—cot—clx—i—xo)fm+(02t2—2clt+t0)ft—%—alf—ag,

c
0 = (cotx + cot — 12 + T0)ge + (cat? — 2¢1t + to) g — %f + (et —c1 —a1)g. (24)

To solve the group invariant conditions (24) and the prolonged Burgers system, we can get four symmetry reduction
theorems. Here, we just write these reduction theorems without any proofs because one can directly substitute them
into the Burgers equation to verify the correctness.
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Theorem 5 (Symmetry reduction theorem 1). If G = G(€) is a solution of the reduction equation
3G?  B*/1,G: 202G3 &ea toB4
Gee = -— 4+ —=—=—— foG - 25
“$To¢q cA%?v2@G JoG+ toB2A4 20246 c2p4ALGT (25)
then
" 2cv A%\/toG tanh[(B/2Av)(F + arctanh((A? — ¢2)t + c1tg)/Atg)] — tBE(A%2 — ) + U L %o ®ocl ot (26)
BA2\/Ty\/(c1t — t)? — A212 to  tgA?2 A2

is a solution of the Burgers equation (1), where A, B, ¢, co, ¢1, xg, and to are arbitrary constants, and the functions

U and F are related to G by

Ge B2A%/t, 2cv
U:Bt(A4—E _— = ), Fz—i/Gd, 27
o\V Gq + 200G 015 ABQ\/% 5 ( )
with the independent variable &,
é_ _ A2 (Ito — Iot) + (Clt — to)(.fCoCl + Coto) (28)
\/%\/(Clt — t0)2 — A2t2 '
Theorem 6 (Symmetry reduction theorem 2). If F' = F(n) is a solution of the reduction equation,
Btosinh(2F) ¢y~ Fogn | Foy B3 Loy Lo
B = ———3—— (Fn ~ar, T 2—1:3) + a2 SIh(AF) + 45, Fyy + 4Tn
E} B*2F,
nm 0 0t'nn
_ F_g - 87[(:0061 + coto) Fyy + 4B cosh(2F)F,,| — W [ cosh(4F) — 1], (29)
then
. 4uvF, tanh [F n lln 4toB exp(Bto/ver (et —tg)) + v } _ Bto sinh(2F) — 812 F,, c_177 to(xoc1 + coto) 7
to —cit 2 4toB eXp(Bto/(Vc1 (Clt) — to)) — UV 4I/Fn(01t — to) 2 261 (Clt — t0)2
2x ToC1 + Co(2clt - to)
= t 30
g Clt — to C%(Clt — to)z 0 ( )

is a solution of the Burgers equation (1) with arbitrary |

constants B, cg, c1, to, and xg.

Theorem 7 (Symmetry reduction theorem 3). If {U =
U(r),F = F(7)} is a solution of the reduction equation
system

1
VUT_§U2+§COU_COT_CI =0, 7= $—0—20f2—$0t7(31)

vE,, —UF, — BF? + 20F, —1=0, (32)
with arbitrary constants cg, zo, and B, then
B(t+ F
u=U+ BF; (1 — tanh (27—’—)) + cot (33)
v

is a solution of the Burgers equation (1).

Theorem 8  (Symmetry reduction theorem 4). If
F = F(z) with z =  — t/ty is a solution of the reduc-
tion equation,

4°toF,F,,.(B — 4/*F.,) + F..(B — 2t,V*F..)

X (B — 61t F,,) — AWM (AF2F,, — F....) =0, (34)
where B and ty are arbitrary constants, then
Bt B 1 F
— ~2F. tanh (o +F) - pUtE (35
v v an 21/to+ 2Vt0Fz+t0+VFz ( )

is a solution of the Burgers equation (1).

5 Examples of Exact Solution

In this section, we solve some of reduction equations to
exhibit some exact interaction solutions between different
types of Burgers waves.

Example 1 (Soliton-Kummer waves). For the first type
of reduction equation (25), its general solution has the
form

o _BVRE  BAVR
T 2cAv 2¢

BiKs(pi+,3/2,y) + BaKi(p4,3/2,y) )
CiK1(p—,3/2,—y) + C2Ka(p—,3/2,—y) ) ¢

1 I
= - — 4+ VAR, =——
He =0 = a4, — 2" 70 Y= oym,0

where Ci, Cs, Fy, By, and By are arbitrary constants,
Kq(p,v,y) and Ka(u,v,y) are the first and second kinds
of Kummer functions, which are two linearly independent
solutions of the Kummer equation (K = K(y))

yKyy + (v —y)Ky — pK =0. (37)

So it is clear that the solution (26) wirh Egs. (27), (28),
and (36) is a soliton-Kummer wave interaction solution.
Ezample 2 (Soliton-Airy waves). For the third type
of reduction equation (31), its general solution can be ex-
pressed by Airy wave functions,

U= Tro — 2v [hl(OQAl(Tl) + ClBi(Tl))]T 5
1

x(ln
3 B (36)

T = W(ﬂc% —27¢9 — Cy), (38)
_ v 0 (C2Ai(T1) + C1Bi(m1))
re B : (Cs3Ai(m2) + C4Bi(72))} + fo, (39)

where C, Cs, C3, C4, and fy are integral constants,
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Ai = Ai(n) and Bi = Bi(m) are Airy Ai and Airy Bi
wave functions, which are linearly independent solutions
for w = w(m) in the Airy equation

Wryry — 7w =0. (40)

So, the solution (33) with Egs. (38) and (39) denotes the
soliton-Airy wave interaction solution of the Burgers equa-
tion (1).

Example 3 (Soliton-soliton interaction). The fourth
reduction equation possesses the general solution

Fo lln cosh(y/C1/2v(z + zp))

2 COSh(\/2t0(Cth0 - 2B)/2Vt0(2 + Zl))
with four arbitrary integral constants C1, 29, 21, and fo.
Clearly, the solution (35) with Eq. (41) denotes a soliton-
soliton interaction solution.

Unfortunately, for the second type of reduction equa-
tion (29), we have not yet found its general solution be-
cause of its complexity.

+f0 s (41)

6 Summary and Discussions

In summary, the Burgers equation is studied by the
well known effective symmetry reduction method but with
nonlocal symmetry. The nonlocal symmetry of the Burg-
ers equation (1) is firstly obtained by using the trun-
cated Painlevé expansion and then is localized via pro-
longation procedure. After the localization, the Backlund
transformation of Burgers equation (1) is obtained via
the Lie’s first principle. For the prolonged Burgers sys-
tem {(1), (5), (13)}, the standard Lie point symmetry ap-
proach is used to find interactions between solitons and
other Burgers waves including the Kummer waves and
Airy waves.

The method and the results obtained here can be ex-
tended to all the integrable models. The details on the
method for other nonlinear systems, other type of inter-
action solutions such as the solution of Eq. (29) and so on
are worthy of further study.

References

[1] S. Lie, Vorlesungen tber Differentialgleichungen mit
Bekannten Infinitesimalen Transformationen, Teuber,
Leipzig (1891) (1967 reprinted by Chelsea, New York).

[2] P.J. Olver, Application of Lie Groups to Differential
Equation, Graduate Texts in Mathematics, 2nd ed.,
Springer-Verlag, New York (1993).

[3] G.W. Bluman and S. Kumei, Symmetries and Differen-
tial Equation, Appl. Math. Sci., Springer-Verlag, Berlin
(1989).

[4] P.A. Clarkson and M.D. Kruskal, J. Math. Phys. 30
(1989) 2201; P.A. Clarkson, Chaos, Solitons & Fractals
5 (1994) 2261; S.Y. Lou, Phys. Lett. A 151 (1990) 133;
S.Y. Lou, J. Phys. A 23 (1990) L649; S.Y. Lou, H.Y.
Ruan, D.F. Chen, and W.Z. Chen, J. Phys. A 24 (1991)
1455; E. Pucci, J. Phys. A 26 (1993) 681; G. Saccomandi,
J. Phys. A 30 (1997) 2211; E. Pucci and G. Saccomandi,
Physica D 139 (2000) 28; S.Y. Lou, X.Y. Tang, and J.

Lin, J. Math. Phys. 41 (2000) 8286; X.Y. Tang, X.M.
Qian, J. Lin, and S.Y. Lou, J. Phys. Soc. Jpn. 73 (2004)
1464.

[5] S.Y.Lou and H.C. Ma, J. Phys. A: Math. Gen. 38 (2005)
L129; S.Y. Lou and H.C. Ma, Chaos, Solitons & Fractals
30 (2006) 804; S.Y. Lou, C. Rogers, and W.K. Schief, J.
Math. Phys. 44 (2003) 5869.

S.Y. Lou and X.B. Hu, J. Math. Phys. 38 (1997) 6401.
S.Y. Lou and X.B. Hu, J. Phys. A. 30 (1997) L95.

S.Y. Lou and X.B. Hu, Chin. Phys. Lett. 10 (1993) 577;
S.Y. Lou and X.B. Hu, J. Math. Phys. 38 (1997) 6401;
S.Y. Lou and X.B. Hu, J. Phys. A 30 (1997) L95.

[9] Yu.S. Kivshar and B.A. Malomed, Rev. Mod. Phys. 61
(1989) 763; Yu.S. Kivshar and B. Luther-Davies, Phys.
Rep. 298 (1998) 81.

[10] S.P. Pudasaini, Phys. Fluid. 23 (2011) 043301.
[11] S.Y. Lou and Z.J. Lian, Chin. Phys. Lett. 22 (2005) 1.

CIARES N



