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Abstract After constructing the Bethe state of the XXZ Gaudin model with generic non-diagonal boundary terms,
we analyze the properties of this state and obtain the determinant representations of the scalar products for this XXZ
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1 Introduction

The Gaudin models introduced in 1976 by Gaudin,!!
describe completely integrable classical and quantum
long-range interacting spin chains, playing a distinguished
role in many areas of modern physics,2~3! in establish-
ing the integrability of the Seiberg-Witten theory,!*—?!
in constructing the integral representations of the solu-
tions to the Knizhnik-Zamolodchikov (KZ) equation!6—?]
and in using as a testing ground for ideas such as the
functional Bethe ansatz and general procedure of sepa-
ration of variables .10=12 It has been found that they
have closely related to the BCS model, which describes
the metal superconductivity in the theory of condensed
matter physics.'3=1% In particular, the results in [16] ob-
tained by Richardson show that the XXZ Gaudin model
has played an essential role in the study of the reduced
BCS model.

The main problem in quantum integrable models, af-
ter having found the eigenvalue and the eigenfunctions of
the system, is calculating correlation functions (vacuum
expectation value of some local operators) explicitly.!'7]
Correlation functions, contained a large number of quan-
tum properties of the system such as quantum correla-
tion and entanglement, have an important significance in
the realm of quantum field theory!*®! and quantum infor-
mation field.'?) Breakthrough in this theory will greatly
expand the application in the range of integrable model
theory and in some of related areas and have important
application value. Unfortunately, the analytical expres-
sions (non perturbative calculation) for correlation func-
tions of a quantum integrable system is still few. Because
with increasing lattice number N, the commutation rela-
tion between the operators will become very complex, this
causes the efficient analytical expressions for correlation
functions becomes very difficult.!”) In the beginning of

80’s, due mainly breakthrough work of Korepin,29 it was

realized that the correlation functions (the scalar prod-
uct) of XXZ spin with periodic boundary conditions can
be expressed in terms of some determinants. In the se-
ries of Maillet et al’s work,2!! they made the computa-
tion of the correlation functions for XXX and XXZ spin
chain simplified dramatically by choosing a set of spe-
cial base (the so-called F-basis) with helps of the Drinfeld
twists, and strictly proved the result of Korepin. By ex-
tend Maillet’s work to gl(m|n) super algebra related to the
spin chain with periodic boundary conditions,?2-23] Yang
et al. successfully solved the determinant representation
for the correlation functions of supersymmetry t-J mod-
els (corresponding to graded su(3) spin chain) which has
great importance in the condensed physics.?*! Recently,
the determinant representation of the correlation func-
tions for various integrable spin chain models have been
obtained.[25—27]

As for the Gaudin type models with long-range interac-
tion, the XXX Gaudin model was studied by Sklyanin!?®!
and Jurcol?! from the point of view of the quantum in-
verse scattering method. They obtained the eigenvalue
and the eigenfunctions of the model. In 1992 Hikami
used the transfer matrix of the periodic chain, calculated
and yielded a variety of conserved quantities of Gaudin
model (or Gaudin operators).*% Sklyanin’s work[®!) leads
to systematic studies the integrable model with integrable
boundary conditions. In particular, Hikami constructed
the energy spectrum (the eigenvalue and eigenfunctions)
for the Gaudin model with special open boundary condi-
tion which is associated with diagonal K-matrices (which
are the solutions to the reflection equations®?).[] This
method was then used to get the exact solution of the re-
lated BCS model,'¥ the integrable XXZ Gaudin model
with general boundary condition,®3 and the boundary
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integrable Gaudin model associated with higher rank
algebraic.[3*=35] On the other hand, to obtain correlation
functions, we need to calculate the scalar product of Bethe
states.'”] In 2002, Zhou et al.,[®%) by using the relation-
ship between periodic Gaudin model and spin chain, con-
structed the determinant representation of scalar product
of Bethe state with periodic Gaudin model. However, the
exact solution for other integrable boundary conditions of
the integrable model is very difficult®337] even if the en-
ergy spectrum have obtained. Recently, based on the de-
terminant representation hypothesis of the scalar product
for S1:2 (see formula (28)), the author successfully formed
the determinant representation of scalar product of Bethe
state for Gaudin model with general non-diagonal bound-
ary interactions.!®8 In this paper we shall give a direct
proof of this determinant representation, giving a com-
plete proof the determinant representations of correlation
functions for the XXZ Gaudin model with general non-
diagonal boundary interactions.

some preliminaries about the properties of XXZ Gaudin
model’s Bethe state (the eigenfunctions of Gaudin opera-
tors), discuss Bethe Ansatz method in this case. In Sec. 3
we obtain the determinant representations for correlation
functions of the model. In Sec. 4, we summarize our re-
sults and give some discussions.

2 Eigenstates and the Corresponding Eigen-
values

Let V be a two-dimensional linear space and o*, o?

be the Pauli matrices. The well-known six-vertex model
R-matrix R(u) € End(V ® V)17 given by

1
_ sin u _ sinn
Ru) = | Tutn Sl W
sin(u+n)  sin(u+n)

1

Here we assume 7 is a generic complex number. The
R-matrix satisfies the quantum Yang-Baxter equation

This paper is organized as follows. In Sec. 2 we provide | (QYBE),

Ry o(ui — u2) Ry 3(u1 — ug)Ra3(ug — u3) = Ro3(ug — u3) Ry 3(u1 — ug)Ri2(uy — us) . (2)
Following [31] let us introduce a pair of K-matrices K~ (u) and K (u). The former satisfies the reflection equation

(RE)

RLg(ul — 'LLQ)K; (ul)RQ,l(ul + UQ)K;(’U,Q) = K{(’LLQ)RLQ(UJ + ug)Kf(ul)Rg’l(ul — U2) s (3)

and the latter satisfies the dual RE

RLQ(UQ - ul)Kf(ul)ngl(—ul — U — 217)KSF(UQ) = K;(UQ)Rl’Q(_u1 — U — 2’17)K1+('LL1)R2’1(U2 - Ul) . (4)
Here we consider the K-matrix K~ (u) which is a generic solution to the RE (3) associated the six-vertex model

R-matrix[39—40]
K= (
The coefficient functions are

ki(u) =

ki (u)
ki (u)

_ cos(A1 — Ag) — cos(Ay + Ap +26) eim, ks (w)

2sin(A1 + & 4+ u) sin(As + € + u)
k3 (u) = i sin(2u) e!M1+A2) g i
1 2sin(A; + & +u)sin(Ay + €+ u)’

k5(u) =

B0\ _ o
) =0 ®)

_ —isin(2u) e MatAa) g—iu
~ 2sin(A\ + &+ u)sin(Ag + €+ u)
cos(A1 — Ag) e 2% —cos(Ay + g + 2€)
2sin(A1 + & 4+ u)sin(Ag + € + u)

)

(6)

At the same time, we introduce the corresponding dual K-matrix K (u) which is a generic solution to the dual reflection
equation (4) with a particular choice of the free boundary parameters:
ri(w) kta(u

Kﬂw(+§) ﬁ(ﬁ, (7)
kTi(u)  kT5(u)

with the matrix elements

cos(A1 — Ag) e 1 — cos(Ay + Ao + 25) e2iutin

k() =

2sin(A +§ —u—n)sin(As + € —u—n)
isin(2u + 277) e_i()\l"r)\Q) eiu—in

b

Kt (u)

Kt (u)

= 2sin(A\; +g—u—77)sin()\2+g_u_n)
—1 sin(?u —+ 277) ei()\l-i-kz) eiu+in

)

- 2sin(A\; +& —u—n)sin(A\g +&—u—mn)’

ko) =

cos(A1 — Ag) €214t —cos(\; 4+ Ao +26) e ™17
2sin(A\; +& —u—n)sin(Ao +E—u—n)
The K-matrices depend on four free boundary parameters {1, Az, &, £} which specify integrable boundary conditions.

®)

[40]

We remark that K~ (u) does not depend on the crossing parameter n but Kt (u) does, and it will become K~ (u)~! as
1 tends to 0. The parameter £ is required to have the following expansion:

E=E+nA+ -,

n—0. (9)
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Let us introduce the generalized XXZ Gaudin operators!!] {H,|j = 1,2,..., N} associated with generic boundaries
specified by the boundary K-matrices in (5) and (7):
oM

1 opoi —1
H; =T, E I— S L A
e k#j sin(zj — zy) {Uk oj + oy o] +cos(z; — z) 2 }
2M -
K '(z) oiof —1
Z J J + - -+ Jj k
+k¢jS.1n(Zj+Zk){Uj O +O'j O +COS(Z]‘+Z]€)T}K7'(Z]‘), (10)
in the Gaudin operator above, I';(u) = (8/0n){K;(u)}|y=0K;(u), j =1,..., N, with K;(u) = tro { K¢ (v)Ro;(2u)Py; },
OK™*(2) - +(, yO00;(22)) -
[;(z) = tYO{ an ’n:OROj(QZj)K (Zj)PjO} + tYO{K (%) on ’n:oK (Zj)PjO}v (11)

in the above expression of I';(z;), the two parts can be respectively expanded as follows,

OK*(z;) L [OKTt(z) ~ 0K (%) _
tTO{ian o203 () K (25) Pro } tro {7877 o (%‘)PjO}—ian ‘UZOKJ- (%), (12)
tr {KJr(z)M’ K™ (z;)P; }:tr {K*(z-) [0+0 +o;0 &+ cos(22; )E]K*(z-)P- } (13)
0 J on =0 J)+ 30 0 J sin(2z;) 0 0 J 9 /30 [
with 0
aR(u) _cosu ‘1
— sinu s w . 14
™| o B -

0

And {z;} some general complex numbers which are usually called the inhomogeneous parameters. For a generic choice
of the boundary parameters {A1, A2, £, A}, I';(u) is a non-diagonal matrix, in contrast to that of [7].

A key step in applying the algebraic Bethe ansatz approach is to construct a suitable pseudo-vacuum state, which
is simultaneously the common eigenstate of the operators A, D and is annihilated by the operator C. Compared
with the case of the spin-1/2 XXZ open chain with diagonal K*(u),3! for the open chain with generic non-diagonal
K-matrices, 3 the usually highest-weight state ((1)) R - ® ((1)) is no longer the pseudo-vacuum state.

The relation® (H; = (9/0n)0(2;)|y=0) between {H;} and {6(z;)} and the fact that the first term of the double-row
transfer matrix expanding form![?3:38] (0(z;) = id +nH; + O(n?), j = 1,...,N) is the identity operator enable us to
extract the eigenstates of the Gaudin operators and the corresponding eigenvalues from those of the XXZ chain.

It has been shown[®®! that the Gaudin operators given by (10) can be obtained by expanding the transfer matrix of
the XXZ spin chain with boundary terms specified by the K-matrices in (5) and (7) in terms of parameter n as  — 0.
Such a relation enables us to extract the eigenstates of the Gaudin operators and the corresponding eigenvalues from
those of the XXZ chain obtained in [33, 37, 41-48] as follows. For this purpose, let us introduce the states |Q2(1)) and

@),
—i(z1+2)\1) —i(ZN+2)\1)
|Q(1)>_<e )@...@(e ), (15)
1 1
—i(21+2)\2) —i(ZN+2>\2)
|Q(2)>:<e )®...®<e )7 (16)
1 1
and a matrix g(u) € End(V) and an associated gauged Pauli operator o*(u) € End(V)
e*i(u+2)\1) e*i(u+2)\2)
_ , 17
s = (7 L) (17)
0¥ (u) = g(u)o~g(u)™" . (18)
Then we define the states,
Ho = HB My1amy (19)

{oP @ Hc @)y, (20)

The associated operators B(u) and C(u) are

o~ (z), (21)

n(A; + & —u)sin(Ay + £ — u) sin(u — 2;) sin(u + ;)

Z sin(Ay + & + z;) sin(Ag + € — z;) sin(2u)
i=1
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N sin(Ay + & — z;) sin(Aa + € + z;) sin(2u) +

o= ; sin(y + €+ u)sin(hz € + w)sin(u — z;) sin(u + z)

Using the same procedure as in [7], we can show that the above states (19) and (20) are the common eigenstates of
the Gaudin operators {H,}, parameters {Ugj )} satisfy the following two sets of Bethe ansatz equations

1-A 1+ A
. M N 1)
sin(A + &+ v /)sin(A +&—vy’)  sin(Aa+ &+ vy’ )sin(Aa + & — e )

M 2M

2 1
= — a=1,...,. M, (23)
1; sm(v,(ll) - U;(vl)) bln(vl(ll) + U,(C )) ; bln(’U& ) _ 2k) bm(v&) + zk)

or
1+A 1-A
i @) g DN
sin(A1 + € +va’)sin(M +§—va’)  sin(A2 + &+ 0§ )sm()\2 +&— ol )
M 9 2M 1
= - , a=1,....M. (24)
; sin(vl — v, sin(vl? + oY) ; sin(ve) — z) sin(vs) + z)

Here A is the parameter of first order expansion of ¢ in terms of 7.
Namely,

H; [{o 1) = ED @O, i=1,2, (25)

where the corresponding two sets of eigenvalues EJ@ are given respectively by

2

Asin(2z;) sin(2z;)
EW = cot 2z, + cot(Aj +&—z5) — = —J + J . (26)
! ! ; ! T sin(M 4 € - z5) sin(Ar + €+ ) ; sin(v,gl) —zj) sin(v,(cl) + z;)
2 : M :
Asin(2z;) sin(2z;)
E® = cot2z; + cot(Aj + & — z5) — = S + J .(27)
’ ’ ; ’ 7 sin(Ae + € — ) sin(Az + € + 25) P sm(v,(c ) —zj) sin(v,(f) + z;)

3 Proof of Determinant Representation of Scalar Product S':2

We introduce two kinds of scalar product of Gaudin model: S¥2({u}; {v;}) and S%!({us};{vi}) (another two
kinds are of the form S™!({uy}; {vi(l)}) and S22({ua}; {vf2)})) And in fact, the calculations of S%2?({u,}; {v;}) and
521 ({ug}; {v;}) (this paper) are the basis of calculating procedure 2738 of the scalar products S™!({ua}; {01(1)}) and
S22({ua}; {vi@)}). To obtain correlation functions, it suffices to calculate the scalar products of on-shell Bethe states
with general off-shell Bethe states!!”) (see also [25-26] for the open XXZ chain with diagonal boundaries). The aim of
this paper is to give the explicit proof procedure to induct the determinant form of the following scalar products of the
XXZ Gaudin model with non-diagonal boundary terms. We remark that they have quite similar algebraic structures
compared with the partition functions of N (here N = 2M) lattice sites with domain wall boundary conditions. "]

We introduce:

ZP ({as}) = S ({ua}; {0}) = (1 1Cur) -+~ Cluar) Clvr) -+ Cloar)| ) (28)
2P ({as}) = ¥ ({ua}; {v:}) = (U |B(ur) -~ Bluar) B(v1) - Bloa)| 1), (29)

here the states | f}) and () | (resp. | {}) and (|} |) are the all spin-up state and its dual (resp. all spin-down and its
dual), where N free parameters {@;|J = 1,..., N} are defined by:

U; = U; (Z'ZL...,M)aDdﬂ]y[_;'_i:Ui (ZZL,M) (30)

In the XXZ spin-chain case, the quantum monodromy operator is a 2 x 2 matrix with entries A, B, C, D which

are obtained as sums of 2V~ operators which themselves are products of N local operators on the quantum chain. As
an example, the B operator is given as

Bi.n(p ZO’ Q; + Z o; a ak Q1 + higher terms, (31)
Gavkaly
where o and o, are the standard Pauli matrices and the matrices €;, Q; i, are diagonal operators acting respectively
on all sites but ¢, on all sites but ¢, j, k, and the higher order terms involve more and more exchange spin terms like
o; O'k It means that the B operator returns one spin somewhere on the chain, this operation being however dressed
non—locally and with non-diagonal operators by multiple exchange terms of the type o Ulj.
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Under F-basis?!l and after a gauge (face-vertex) transformation, the associated operators B(u) and C(u) simulta-
neously become diagonalized at most sites.

B(u) _ Tﬁ(Mu)% _ ﬁ sin(u + zi) i sin(Ag + & — z;) sin(A\ + & + z;) sin(2u + 2n) sinn
P 1sm(u+zk+n < sin M+ E&€—u—n)sin(Ag + & —u—n)sin(u+ z;) sin(u — z; + 1)
sin(u—z;) sin(u+z;+n)
X Eél @Qjz#i ( sz sin(et2) sin(z; —zi+n) > ’ (32)
sin(z;—z;) ()

sin(u + 2x) i sin(A; + & — z;) sin(Ag + £ + z;) sin 2usinp
sin(

N
Clu) =Tm (Au)i =
() r (A kl_[1 sin(u + 2z + 7]) A+ &+ u)sin(Ag + € + u)sin(u — 2z + 1) sin(u + z;)
sin(u—z;) sin(u+z; +77) iln(z, —z;+n) )
()

X Ei2 ®joti < sin(u—z;+n) sin(u+z;) sin(z; —z;)

(33)

Here, in Gaudin case, we make the parameter take the limit 7 — 0, the operators can be reduced to the following
form:

- a sin(A1 + & + z;) sin(Aa + € — z;) sin(2u) _
Blu) = ; sin(A1 + & — u) sin(Ag + € — ) sin(u — 2;) sin(u + z;) X i (34)
~ o sin(A1 + € — z;) sin(Ag + € + z;) sin(2u) "
Clu) = z_; sin(A1 + € + u) sin(Ag + € + ) sin(u — 2;) sin(u + z;) % i (35)

Then B (u) and C’(u) become the operators only depend on lattice position. Now we come to the concrete proof
procedure of the determinant representation of scalar product S*?({us}; {v;}). Firstly, insert in the scalar product a

complete set of states |j1,...,jn) beyond each operator C,
N
1 . . = . . . . . . = =
Z](\/')({vot}7 {Zl}) = Z<.717 . ?3N|C(UN)|J17J2a ey l?ﬁ cee 7]N> X <.717.727 CE) li7 e ajNIC(UN—l) e C(U1)| ‘U) ) (36)
i=1
where we denote by the state |j1,72,...,li,-..,Jn) Wwith one spin down in the site ¢ and with N — 1 spins up in the

other sites. We make the summation over all terms in the complete set, taking into account the property of operater
C, and leaving only one non-vanish for each. We are thus led to considering the intermediate functions

7 ({va}; {2:}) Z

i=1

sin(A\1 + &€ — z;) sin(Ag + € + z;) sin(2vy)
n(A + & +oy)sin(Ae + €+ vn) sin(vy — 2;) sm(vN + 2

)ZJ(&L({UQ}@N; {z}ie).  (37)

This suggests that for any positive integer site N, the scalar product Z {va} {zi}) can be uniquely determined by

the initial condition Z ({va} {z:i}) = 1 and the recurrence relation (37) completely.
Now suppose a series of function {Kj({vs};{z:})[I =1,..., N} possess the following form:

Kn({va}; {z:}) = 1—[(]1\/:1 Hi\il sin(ve 4 2;) sin(ve — 2;)
T [ospsin(va — vg)sin(va + vg) [ I, sin(zr — z;) sin(zx + z5)
sin(A1 + & — z;) sin(Az + & + 2;) sin(2v,)
sin(A; + & 4 va) sin(Ag 4+ € 4+ v,) sin® (ve — 2;) sin®(vy + 2;) |

x det (38)

We prove that for any positive integer I, the Z}l)({va} and the function Kj({v,}; {z:} are equivalent at all times, that
is to say:

1
2 (va)i (=) = Ki({va}i {z)). (39)
We shall prove this equation by induction.
(i) For the case of N =1, they are obviously equal:

sin(A; + & — z1) sin(Ag + £ + 21) sin(2v7)
sin(A1 + & +vy) sin(As + € + v1) sin(vy — 21) sin(vy + 21)

Zfl)(vl;zl) =Ki(vi;21) = (40)

(ii) Suppose the relation (39) holds for the case I < N — 1, We prove that (38) also holds for I = N. We make the
following transformation of (38):

H;\;Z sin(vn + z;) sin(vy — z;) sin(vy + 2;) sin(vy — 2;) HaNz_ll sin(vg + 2;) sin(ve — 2;)

Kn({va}i{zi}) = =%

[[i=iqsin(z — z;) sin(z; + 25) HZ_:11 sin(z — z;) sin(zx + 2;) Hg[:_ll sin(vy — vg) sin(vy + vg)
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H Hﬁél sin(vg + 2;) sin(ve — z;)
[losp: apen sin(va — vg) sin(va +vg) [Tp< ;. gy sin(zk — 25) sin(zg + 25)
sin(A; + & — z;) sin(A2 + & + z;) sin(2v,)
sin(A; + & + va) sin(Ag 4 € 4 vy) sin? (ve — z;) sin?(vy + 2;) |
We then expand the determinant along the N-th row:

X

x det

N . ;) sin(vny — z;) sin(v zi) sin(vy — 2;
Kn({va};{z}) = }\:Ij;éi (v + z;) sin(vy )sin(vy + ) sin(vy )

[I;=i 4 sin(zi — z;) sin(z; + 25) H;;ll sin(zx — z;) sin(z + 2;)

Hg;ll sin(vg, + 2;) sin(ve, — 2;)
ng_ll sin(vy — vg) sin(vy + vg)
H HHéz sin(vq + 2;) sin(ve — 25)
[loss: o ﬁ;éN sin(ve Ug) sin(va +vg) [Tr< ;. gy si0(zk — 25) sin(zg + 25)

X

Vi Z sin(A1 + € — z;) sin(Ag + € + z;) sin(2vy)
sin(A; + & 4+ vn) sin(Ag + € + vy ) sin® (v — 2;) sin? (v + 2;)
sin(A1 + & — z;) sin(Ag + & + z;) sin(2v,)
sin(A; + € + vg) sin(Ag + € 4 v4) sin® (v, — ;) sin?(vg + z;) l(a#N, j#i) '

=1

x det ‘
(42)
Obviously, the second order terms in the expansion sin®(vy — 2;) sin®(vy + 2;) are indeed the first order terms,
then rewrite the NV — 1 determinant and absorb the relative coefficients into the Ky_; form

N .
i2; SIN(UN + z;)sm(oy — z;
Kn({va}i{zi}) = =5 - L . ( J)i—l( . 2 :
[T=iqsin(z — z5) sin(z; + 25) [ sin(zr — 2i) sin(zx + 2;)
Hg;ll sin(ve + 2;) sin(ve, — 2;)

Hgfll sin(vy — vg) sin(vy + vg)

N+z§: sin(A1 + € — z;) sin(A2 + € + z;) sin(2vy)
P sin(A1 + € + vn) sin(Ag + € + vy ) sin(vy — z;) sin(vny + 2;)
X Kn—1({vataxn; {zj}jzi) (43)

after simplification, K ({vs};{z:}) satisfy:

N sin(A1 + € — z;) sin(A2 + € + z;) sin(2vy)
Fnrl{vadi {h) = — sin(A1 +§ + o) sin(Az + &+ on) sin(vy — z;) sin(vy + 2;)
T Sz sin(ot ) ppsin(oy —2)S08E5) s (). ()

sin(vy — vp) sin(vy + vy) sin(z; — z;) sin(z; + 2z;)

i
(iii) In the following, we are to prove that (37) is equal to (44):

Firstly, according to the form of determinant (37) and the recursive relation (44), we can conclude that both

Ky{va};{z}) and Z](\})({va}; {z;}) are polynomial of vy, and they have the same simple poles with the same
residues located at:

+zi, (M +§),—(N+E) i=1,...,N. (45)
We take out the coefficient which has nothing to do with the recursive relation, the (37) and (44) would become:
. N . .
20N) sin(A1 + & — z)sin(Aa + €+ 2;)
2 ({va}i {z}) = Sin(2vy
v ({eaki{zi) sin(A; + & + vn)sin(Ag + €+ vn) ; sin(vy — 2;) sin(vn + 2;)
% 73y ({vadaeni {23} 4) (46)
: N :
sin(2vy) sin(A —|— & —z)sin(Aa + & + 2;)
Knl{uai () = DR 2

sin(A; + &+ o) sin(Ae + € + vy) sin(vy — z;) sin(vy + z;)

i=1
" Nl—f sin(v; — z;) sin(v; + 2;) H sin(vy — z;) sin(vn + 25)
sin(vy — ;) sin(vy + vy) oy sin(z; — z;) sin(z; + 2;)



No. 1 Communications in Theoretical Physics 39

X KN -1({vatazn; {2 }i2i) - (47)
These relations tell us only simple poles {£z;} take effect on the recursive relation.

Take a concrete z; as an example, (so does —z;), then the residues are:

iv: sin(A1 +§ — 2) sin(Ag + £ + 2i) sin(2z;) 70

(1) e
ZN ({’UQL {Zl}) - bll’l()\l + f n Zz) (AQ n 5 + Zz) bln(QZ ) ({UOL}OG&Nv {ZJ}J?fZ) ) (48)
' N sin(A1 + & — z;) sin(Aa + £ + z;) sin(2z;)
Kn{vaki{z}) z=Z1 sin(A1 + € + z;) sin(Ag + € + ;) sin(22;)
i sin(v sin(v; + 2z;) v sin(z; — z;) sin(z; + z;) )
% 1;[1 sin(z; — v;) sin(z; + v;) 1;[ sin(z; — zi) sin(z; + z]i)KN_l({va}a#N’ {zkizi)

sin(A1 + & — z;) sin(Ag + € + z;) sin(2z;)
sin(A1 + € + 2;) sin(Ag 4 € 4 2;) sin(22;)

MZN

Kn_1({va}taxni{z}jzi) - (49)
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Therefore the residues of

—

3 ) and (44) for each simple pole, are equivalent.

Besides, we denote f(z) = Zﬁ)({va}; {z:i}) = Kn({va}; {z}), when vy — oo the limitation of f(z) tends to 0,
say:

1
Z3 ({v}; (2D lon o0 = Kn({va}; {2i)lon—oo - (50)
(iv) Thus the equation (39) also holds for I = N.

In conclusion, K;({vs};{z:}) is the determinant form of Z;l)({va}; {z;}), namely, we get the determinant repre-
sentation of the scalar product S12({uy}; {v;}). Consequently we also obtain the determinant representation of the

partition function for N = 2M lattice with domain wall boundary conditions ZI(\})({UQ}; {z:}):
H]av:1 Hfil sin(ve + 2;) sin(vg — z;)det Ay M)

Z](\})({Uah {zi}) = [ospsin(va — vg) sin(va + vg) [ 1o sin(zr — z;) sin(zk + z5) ’ (51)
in which, the N x N Matrices A4 () ({v,};{z;}) are
HO({va: {25 ey = — sin(Ay —|—'§ — z;) sin(Ag —|—'§2—|— 2j) sin(2v.04)2 ' (52)
sin(A1 + &€ + va) sin(Ag + £ + va ) sin”(ve — z;) sin®(va + 2;)
Reference [38] provided the form of Z @),
2 (foa}s aa)) = Lo [Liz s 2 sinfon = s)det V8 53)
[Iospsin(va — vg) sin(va + vg) [T, sin(zr — z;) sin(zx + z5)
where A4 ) ({vy};{2,}) is of the form
H O (fuo): (2 )y — sin(A1 + & + z;) sin(Ag + & — z;) sin(2v,) (54)

sin(A; + & — va) sin(Ag + & — vy ) sin® (v — z;) sin? (v, + 25)

Actually, Zz(\}) and Zj(\?) possess the same algebraic structures, the difference between them are spin flip at each
corresponding site.

4 Conclusions

We have studied the XXZ Gaudin model with generic boundaries specified by the non-diagonal K-matrices K+ (u),
constructed the corresponding pseudo-vacuum state (15) and (16) and applied the algebraic Bethe ansatz method to
derive their common eigenstates (19) and (20) and eigenvalues (26) and (27) as well as the associated Bethe ansatz
equations (23) and (24). We obtain the determinant representations for the scalar products of the form S1:2. Tt
constitutes a complete proof of the determinant representations of the scalar products of the XXZ Gaudin model with
non-diagonal boundary terms.
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