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Abstract Scattering solutions of two-body Spinless Salpeter Equation (SSE) are investigated in the center of mass
frame with a repulsive, symmetric Hulthén potential in one spatial dimension. Transmission and reflection coefficients
are calculated and discussed.
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1 Introduction

The Bethe–Salpeter equation (BSE), obtained from a
relativistic field theory, provides us with a reliable ba-
sis to study many fermions.[1−6] The equation, however,
appears as an integral equation which complicated in
many cases. If we neglect the spin degrees of freedom
and apply some approximations to the original equation,
we are left with the so-called Spinless Salpeter Equa-

tion (SSE).[7−8] The latter, possesses two important fea-
tures; it is an acceptable relativistic generalization of
the Schrödinger equation, and, has a simpler structure
in configuration space in comparison with the BSE. Un-
til now, one has succeeded in transforming the integral
equation into a differential equation. To be more precise,
the reduced equation includes the kinetic term under a
square root. References[9−15] have suggested novel ideas

to obtain bounds on the energy eigenvalues or approxi-
mations to the wave function. On the other hand, the
Hulthén potential[16] is one of the most important short
range model potentials in the physics. This potential has
been widely used in a number of areas such as nuclear
and particle physics,[17] atomic physics,[18−19] molecu-
lar physics,[20−22] and chemical physics.[23] Unfortunately,
quantum mechanical equations with the Hulthén potential

can be solved analytically only for states with zero angu-
lar momentum,[16,24] i.e. the angular momentum quan-
tum number l=0, so several techniques were used to ob-
tain approximate solutions for non-relativistic Schrödinger
equation with the Hulthén potential for l = 0. Bound-
state eigenvalues were solved numerically[25−26] and
quasi-analytically using variational,[25,27] perturbation,[28]

shifted 1/N expansion,[29−30] NU,[31−32] SUSYQM,[33−36]

and AIM[37] methods. In the relativistic case Hulthén

potentials have also been discussed in Refs. [38–46] and
references therein.

The paper is organized as follows: Section 2 introduces

the SSE in one spatial dimension. Next, we find our exact

solutions in terms of Hypergeometric functions together

with algebraic expressions for the transmission and reflec-

tion coefficients in Sec. 3. Here some numerical results are

illustrated. Conclusions are in Sec. 4.

2 The Two-Body Hamiltonian

The spinless Salpeter equation for two particles with

arbitrary masses m1, m2 interacting by a potential V (x)

in (1+1) dimensions and in the center of mass system ap-

pears as[1,7−9]

[

√

−∆ + m2
1 +

√

−∆ + m2
2 + V (x) − M

]

Φ = 0

where ∆ =
d2

dx2
and M = E − m1 − m2 , (1)

and E−V Eq. (1) can be heuristically approximated by a

local equation for small values of is then written as[13−14]

[

− ∆

2µ
+ V − µ2

2η3
(E − V )2

]

U(x) = EU(x) (2)

where µ, η are defined by µ = m1m2/(m1 + m2) and

η = µ[m1m2/(m1m2 − 3µ2)]1/3, and U is the transformed

wave function.

We consider the problem in (1+1) dimensions for the

symmetric Hulthén potential[47−48] given by

V (x) =
V0

exp(α|x|) − q
. (3)

This potential is finite at the origin if q < 1. The

parameter α−1 defines the size of the potential barrier.

3 Reflection and Transmission Coefficients

As we are searching for the scattering states of the

equation, we will first study the wave functions for x < 0.
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From substitution of Eq. (3) into Eq. (2), we find

[ d2

dx2
+

(

E − V0

exp(−ax) − q

)(

2µ +
(µ

η

)3

×
(

E − V0

exp(−ax) − q

))]

U(x) = 0 . (4)

In the single-particle limit (µ/η)3 = 1, and µ = m,

where m is the light mass. For equal masses, m, we have

(µ/η)3 = 1/4 and µ = m/2. In numerical application,

Fig. 1 and Table 1, we consider the equal masses case and

use m = 1.

Applying the new variable e−ax = q/yL in Eq. (4), we

find
[

yL(1 − yL)
d2

dy2
L

+ (1 − yL)
d

dyL
+

1

yL(1 − yL)

× (y2
Lw1 + yLw2 + w3)

]

UL(yL) = 0 , (5)

where

w1 =
µ3E2

η3α2
+

µ3V 2
0

η3α2q2
+

2µ3EV0

η3α2q
+

2µV0

qα2
+

2µE

α2
,

w2 = −2µ3E2

η3α2
− 2µ3EV0

η3α2q
− 2µV0

α2q
− 4µE

α2
,

w3 =
µ3E2

η3α2
+

2µE

α2
.

A trial wave function is used to write the equation into
the Hypergeometric form

UL(yL) = yηL

L (1 − yL)λLφL(yL) . (6)

This substitution enables us to write the wave functions
as a sum of incoming, transmitted and reflected parts.
Equation (5) now takes the form

yL(1 − yL)
d2φL(y)

dy2
L

+ [1 + 2ηL − (2ηL + 2λL + 1)yL]
dφL(y)

dyL
− (η2

L + λ2
L + 2ηLλL + w1)φL(yL) = 0 , (7)

Eq. (7) is identified as the hyperpergeometric equation[48−54] on the left side (x < 0) with solution

UL(yL) = A1y
ηL

L (1 − yL)λL

2F1(a, b; d; yL) + A2y
−ηL

L (1 − yL)λL

2F1(a + 1 − d, b + 1 − d; 2 − d; yL) , (8)

where

d = 2ηL + 1, a = ηL + λL − i
√

w1, b = ηL + λL + i
√

w1, Ω = w1 + w2 + w3, λL =
1

2
±

√

1

4
− Ω .

For x > 0 by applying the new variable eax = q̃/yR in Eq. (2), we have
[

yR(1 − yR)
d2

dy2
R

+ (1 − yR)
d

dyR
+

1

yR(1 − yR)
(y2

Rw4 + yRw5 + w6)
]

UR(yR) = 0 , (9)

where

w4 =
µ3E2

η3α2
+

µ3V 2
0

η3α2q̃2
+

2µ3EV0

η3α2q̃
+

2µV0

q̃α2
+

2µE

α2
, w5 = −2µ3E2

η3α2
− 2µ3EV0

η3α2q̃
− 2µV0

α2q̃
− 4µE

α2
, w6 =

µ3E2

η3α2
+

2µE

α2
.

Next putting UR(yR) = yηR

R (1 − yR)λRφR(yR), we may write the wave function for (x > 0)

UR(yR) = A3y
ηR

R (1 − yR)λR

2F1(a
′, b′; d′; yR) + A4y

−ηR

R (1 − yR)λR

2F1(a
′ + 1 − d′, b′ + 1 − d′; 2 − d′; yR) , (10)

where

d′ = 2ηR + 1, a′ = ηR + λR − i
√

w4, b′ = ηR + λR + i
√

w4, Ω′ = w4 + w5 + w6, λR =
1

2
±

√

1

4
− Ω′ .

We are interested in the case where the particles are initially incident on the potential from the left. Since no wave
is reflected from the region x > 0 to the left, the constant A3 must vanish and we have

UR(yR) = A4y
−ηR

R (1 − yR)λR

2F1(a
′ + 1 − d′, b′ + 1 − d′; 2 − d′; yR) . (11)

To proceed further, let us consider the asymptotic behaviors of the wave functions in both sides, i.e.

x → −∞, yL → 0, (1 − yL)λL → 1, y±ηL

L → q±ηL e±αxηL ,

x → ∞, yR → 0, (1 − yR)λR → 1, y∓ηR

R → q̃∓ηR e±αxηR .

As a result, we write the total wave function as

U(x) →
{

A1q
ηL eaxηL + A2q

−ηL e−axηL , x → −∞ ,

A4q̃
−ηR eaxηR , x → +∞ .

(12)

In order to obtain the explicit expressions for A2 and A4 introduced in Eqs. (8) and (11), we have to use the continuity
conditions of wave functions and their derivatives, i.e. UL(x = 0) = UR(x = 0) and U ′

L(x = 0) = U ′
R(x = 0), which

respectively yield

A1δ
ηL

1 1δ
λL

2 ξ1 + A2δ
−ηL

1 δλL

2 ξ2 = A4δ
−ηR

3 δλR

3 ξ3 , (13a)

and

A1

[

ηLδηL−1
1 δλL

2 ξ1 − λLδηL

1 δλL−1
2 ξ1 + δηL

1 δλL

2

(a)(b)

d
ξ4

]
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[

−ηLδ−ηL−1
1 δλL

2 ξ2 − λLδ−ηL

1 δλL−1
2 ξ2 + δ−ηL

1 δλL

2

(a + 1 − d)(b + 1 − d)

2 − d
ξ5

]

= A4

[

−ηRδ−ηR−1
3 δλR

4 ξ3 − λRδ−ηR

3 δλR−1
4 ξ3 + δ−ηR

3 δλR

4

(a′ + 1 − d′)(b′ + 1 − d′)

2 − d′
ξ6

]

, (13b)

with

δ1 = q, δ2 = 1 − q, δ3 = q̃, δ4 = 1 − q̃ . (14a)

and

ξ1 = 2F1(a, b; d; δ1) ,

ξ2 = 2F1(a + 1 − d, b + 1 − d; 2 − d; δ1) ,

ξ3 = 2F1(a
′ + 1 − d′, b′ + 1 − d′; 2 − d′; δ3) ,

ξ4 = 2F1(a + 1, b + 1; d + 1; δ1) ,

ξ5 = 2F1(a + 2 − d, b + 2 − d; 3 − d; δ1) ,

ξ6 = 2F1(a
′ + 2 − d′, b′ + 2 − d′; 3 − d′; δ3) . (14b)

The wave function in Eq. (8) can be written as UL =
Uinc + Uref for x → −∞ where Uinc is the incident wave
and Uref is the reflected wave. Similarly, as x → ∞ the
wavefunction in Eq. (10) is UR = Utrans where Utrans is
the transmitted wave and in non-relativistic quantum me-
chanics, the transmission coefficient and reflection coeffi-
cient are used to describe the behavior of waves incident
on a barrier. The transmission coefficient represents the
probability flux of the transmitted wave relative to that of
the incident wave. It is often used to describe the proba-
bility of a particle tunneling through a barrier. R and T ,
the transmission and reflection coefficients are defined in
terms of current density as

R =
∣

∣

∣

reflected current density

incident current density

∣

∣

∣
=

∣

∣

∣

Jref

Jinc

∣

∣

∣
, (15a)

T =
∣

∣

∣

Jtrans

Jinc

∣

∣

∣
, (15b)

where the indices ref, inc, and trans stand for reflected, in-
cident, and transmitted, respectively. To calculate R and
T , we need to find Jref, Jinc, and Jtrans. We use Eq. (16)
for the incident current density (or incident flux) as well
as reflected and transmitted fluxes

~J =
~

2mi
(U∗~∇U − U ~∇U∗) . (16)

The current density for the left and right hand sides re-
spectively are ~JL = ~Jinc + ~Jref, and ~JR = ~Jtrans so the
incoming, reflected and transmitted fluxes are

~Jinc =
~

2mi
(U∗

inc
~∇Uinc − Uinc

~∇U∗
inc) ,

~Jref =
~

2mi
(U∗

ref
~∇Uref − Uref

~∇U∗
ref) ,

~Jtrans =
~

2mi
(U∗

trans
~∇Utrans − Utrans

~∇U∗
trans) . (17)

By using Eqs. (13)–(17) in summary, the reflection and
transmission coefficients are

R =
Jref

Jinc
=

U∗
ref

~∇Uref − Uref
~∇U∗

ref

U∗
inc

~∇Uinc − Uinc
~∇U∗

inc

=
∣

∣

∣

A2

A1

∣

∣

∣

2

,

T =
Jtrans

Jinc
=

U∗
trans

~∇Utrans − Utrans
~∇U∗

trans

U∗
inc

~∇Uinc − Uinc
~∇U∗

inc

=
∣

∣

∣

A4

A1

∣

∣

∣

2

.(18)

The reflection coefficient R, and the transmission coeffi-
cient T , are obtained as
∣

∣

∣

A2

A1

∣

∣

∣

2

=
∣

∣

∣

g4g3 − g1g6

g2g6 − g5g3

∣

∣

∣

2

,
∣

∣

∣

A4

A1

∣

∣

∣

2

=
∣

∣

∣

g4g2 − g1g5

g6g2 − g3g5

∣

∣

∣

2

, (19)

where

g1 = δηL

1 δλL

2 ξ1, g2 = δ−ηL

1 δλL

2 ξ2, g3 = δ−ηR

3 δλR

4 ξ3 ,

g4 = ηLδηL−1
1 δλL

2 ξ1 − λLδηL

1 δλL−1
2 ξ1 +

ab

d
δηL

1 δλL

2 ξ4 ,

g5 = −ηLδ−ηL−1
1 δλL

2 ξ2 − λLδ−ηL

1 δλL−1
2 ξ2

+
(a + 1 − d)(b − d + 1)

(2 − d)
δ−ηL

1 δλL

2 ξ5 ,

g6 = −ηRδ−ηR

3 δλR

4 ξ3 − λRδ−ηR

3 δλR−1
4 ξ3

+
(a′ + 1 − d′)(b′ − d′ + 1)

(2 − d′)
δ−ηR

3 δλR

4 ξ6 .

If we put (µ2/2η3)(E−V )2 ≪ (E−V ) or (µ2/2η3)(E−
V ) ≪ 1 in Eq. (2) transmission and reflection coefficients
by Schrödinger equation for the Hulthén potential will be
obtain.[54]

Fig. 1 Reflection and Transmission coefficients versus
energy for µ = 0.5, η = 0.79, α = 0.5, V0 = 0.2,
q = q̃ = 0.5.

Table 1 Transmission coefficient as a
function of selected energies for µ = 0.5,
η = 0.79, α = 0.5, V0 = 0.2, q = q̃ = 0.5.

E T (E)

0.1 0.181 68

0.2 0.540 86

0.3 0.771 33

0.4 0.879 11

As a typical example in Fig. 1 we have plotted R, T
versus E, as we expect, the relation R+T = 1 is satisfied.
Table 1 shows some relevant numerical values of T versus
E.

4 Conclusion

In the present work, we obtain the exact solutions of
(1+1)-dimensional two-body Spinless Salpeter equation
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for the Hulthén potential in terms of hypergeometric func-
tions. Using the basic properties of hypergeometric func-
tions, we obtain formulas for calculating both transmission
and reflection coefficients.
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[8] W. Lucha and F.F. Schöberl, Fiz. B 8 (1999) 193.
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