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Abstract In this paper, we investigate effects of the minimal length on the Schwinger mechanism using the quantum
field theory (QFT) incorporating the minimal length. We first study the Schwinger mechanism for scalar fields in both
usual QFT and the deformed QFT. The same calculations are then performed in the case of Dirac particles. Finally, we
discuss how our results imply for the corrections to the Unruh temperature and the Hawking temperature due to the

minimal length.
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1 Introduction

Using the proper-time method, Schwinger!!! calculated
the effective action of a charged particle in an external
electromagnetic field. He found that the action has an
imaginary part for a uniform electric field, which leads to
the vacuum decay through pair production. Due to its
purely non-perturbative nature, this quantum field the-
oretical prediction is of fundamental importance. The
Schwinger mechanism sheds lights on topics as diverse as
the string breaking rate in QCD2~3! and on black hole
physics. !4

On the other hand, various theories of quantum
gravity, such as string theory, loop quantum gravity
and quantum geometry, predict the existence of a min-
imal length.>~7) The generalized uncertainty principle
(GUP)®! is a simply way to realize this minimal length. A
lot of fruits have been achieved in the GUP models.[9~19]
An effective model of the GUP in one-dimensional quan-

tum mechanics is given by!16—17]
w(E) = % tanh(\/BE) ) 2)

where the generators of the translations in space and time
are the wave vector k and the frequency w, 8 = 3o /mf77
my, is the Planck mass and f is a dimensionless parameter
marking quantum gravity effects. We set c=h=G =1
in the paper. The quantization in position representation

T = x leads to

Therefore, the low energy limit p < m,, including order of
p3/ M? gives

p=—io(1-202). (4)
E= i@t<1 - %af) : (5)

From Eq. (1), it is noted that although one can increase
p arbitrarily, k& has an upper bound which is 1/4/3. The
upper bound on k implies that that particles could not
possess arbitrarily small Compton wavelengths A = 27 /k
and that there exists a minimal length ~ /3.

In this paper, we investigate scalars and fermions pair
production from a static classical electric field using the
deformed QFT which incorporates the minimal length via
Egs. (4) and (5). The organization of this paper is as fol-
lows. In Sec. 2, based on the usual and the minimal length
modified field theoretic considerations, Schwinger’s mech-
anism is derived in the case of spinless particles. We then
show how the same calculations can be performed in the
case of Dirac particles in Sec. 3. Section 4 is devoted to
our discussions and conclusions.

2 Scalar Pair Production

In this section, we first derive the formula for the scalar
pair production rate in the framework of QFT. We then
use the formula to calculate pair creation rate in usual
QFT and the minimal length modified QFT. As shown
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in Ref. [18], the scalar field theoretic vacuum to vacuum
amplitude can be written as

(vac — vac) o / g exp / datr) (6)

where L is the Lagrangian density and ¢ is the correspond-
ing scalar field. Assume £ is given by £ =¢+O,¢ where
O, is some differential operator. Defining eigenfunctions
¢n with eigenvalues A\,

Os¢n = )\nd)n )

¢ = Z anPn -
Using orthogonality of ¢,,, we find

e~% = (vac — vac) x / da,da;, exp(i / dx4)\n|an|2>
= H A det 0,

= exp(— Zn:ln /\n) .

Using the integral

(7)
we expand

(8)

= exp(—Tr(In Oy))

9)

—as

+oo
lna:—/ dse
0 S

gszgsE""Cv

where C' is a constant and we define
+oo d
S _
D
n 0 §

The imaginary part of £, is always infinite due to vacuum
energy shift. Here, we are only interested in the real part
of £° which gives the vacuum decay. As shown later in
this section, the electric field E only appears in A, and
C is independent of E. To obtain C' we consider the case
without the electric field. When there is no electric field,
the vacuum is stable and no pairs are produced. In this
case, the vacuum to vacuum amplitude is

el = e7% = exp(—£Y + O),

where « is a phase irrelevant to the vacuum decay and &9
is ¢€ with E = 0. Thus, one has

C=¢&+ia. (13)

Plugging Eq. (13) into Eq. (11), we find that the real part
of & is

+ const. (10)

one has

(11)

(12)

vs = Re&s = Re(ff - fg) . (14)

é-E

With the help of Dirac comb

EVT oo
= /dkl/ —exp[ (k% +m?) Zexp —i(2n+1)eEs].

™ i ot —km) =

k=—o0

Squaring 7s, we observe that the total pair production
rate per unit volume is simply
probpair 1
vT VT

275

1— e 2")~ .

(15)

2.1 Usual Scalar Field

For the case of a scalar field ¢ of mass m and charge e
in the presence of an external electromagnetic interaction
described by vector potential A,,, the Lagrangian is given
by

[/s = ¢+Og0)¢7 (16)

where O§°>=(a+ ieA)? +m?. If there is a uniform electric
field E = FEe,, we can utilize the gauge A = —FE'te,. The
operator (’)go) then becomes

(17)

=0; - 0% —
where 9% = 92 + 05. Assume that eigenfunction of o

takes the form as ¢ = exp(iky, - r, + ik.2z)o(t) where
r, = ze; + ye, and o(t) satisfies

(0, + ieEt)* + m?,

}a(t) —Xo(t). (18)

Performing the Wick Rotation ¢ — —i7T and F — —iE,

we have
(@) e p) oo
=A—Kk —m?o(t). (19)

Obviously, Eq. (19) describes a one-dimensional harmonic
oscillator with its well centered at k./eE and a resonant
frequency 2eE. One can express d/d7 and 7 in terms of

K§Q2+ki+(@+wEw?+m2

ladder operators, a and a™, as

k
- = (a™ +a) (20)
¢E \/2cE
d ¢E
— =—{\/—(a" —a). 21
== [Tt —a) (21)
Thus, the energy levels are quantized as
O =k +m? 4 20+ 1)eB, (22)

where n = 0,1,2,... Note that k£, and k, range over all
values from —oo to co, but k. is constrained to be in the
range 0 < k., < eFiT in order that the entire range of
time is included as k, is varied, where T is a total in-
teraction time. Thus, the corresponding degeneracy is
eETV dk, /(27) where V is the volume. After switching
back to t and E, Egs. (12) and (22) yield

n=0

o0

Z exp(—i2nt),

n=—oo



No. 6 Communications in Theoretical Physics 717
one easily gets
B eEVT / /+°° ds 5
= = exp|— —ieEs) (eEs — 2
Reé; e dk, ; . exp[— (k% 4+ m?)s] exp(—ieEs) k;m5e s—km). (25)
When E approaches zero, we have for Re ¢¥
+oo
Reg) =~ Q/dlﬁ/ & expl-(k2 +m?)s)a(s). (26)
Thus, we find
e ds = km
o) _ E _ 0 das 2 . _RTN
9 = Re(ef ~ &) = 105y [av [ S expl-12 +e?)s] expl-ieBy [ 3 o(s~5) —o0]
EEVT ;N (1) o kT
1673 2 eXp(*m ?E) (27)

2.2 Minimal Length Modified Scalar Field

In the presence of an external electromagnetic poten-
tial A,, Eqgs. (4) and (5) can be generalized to

. B o
S Di(l - fD‘) ,

i 3 Di

B

gD?) 3
where D, = 0,, + ieA,. For a scalar field ¢ of mass m
and charge e in the external electromagnetic potential A,,,

the Lagrangian incorporating Egs. (28) and (29) can be
written as

Di (28)

E= iDt(l - (29)

Lo =" (pud)" (pv9) +m?,
(E,p;). After integrating by part, we have

Ly =¢T (00 +50,), (31)

(30)

where p, =

where we define

50, = ~2pID} — (DA + D} + DO+ O(F). (32)

| In order to get eigenfunctions and eigenvalues of Ogo) +
dOs, we write the eigenfunctions in the form ¢ = exp(ik, -
ri +ik,z)o(t). For o(t), 605 becomes

2
—3810) — k1

Rotating to imaginary time 7 and E, we can use Egs. (20)
and (21) to write 00 in terms of ladder operators

4
50 = —éﬂeQEQ [(aJr 642%2 —(a™ + a)ﬂ
+0(6%. (34)

Treating §O, as perturbations, we find the first-order cor-
rection to )\fl((,il

50, — (k. +eEDY +0(5%).  (33)

—a)t -

251@4
3 )
where |n) is the n-th eigenstate for the one-dimensional

harmonic oscillator. The corresponding degeneracy stays
same, namely eETV dk, /(27)3. Therefore, Eq. (12) gives

to O(B)

Ak, = (n[60s|n) = (35)

E T T d
8~ — cEV /dkL/ —exp (kL—i-

251@) } z_:OeXp[_i@n +1)eFs]. (36)

Note that the above equation is the same as Eq. (23) except the prefactor exp(—(28k1/3)s). Following calculations

(0)

for s, one obtains to O(f)
_ B _ 40y ¢EVT 1)+ 2 2 o, 28K\ km
Vs = Re(& = &)~ =53 /dhz eXp[ (’””” T3 )?E}
ZEAVT N (—1)FH k  4BeE
¢ (=1) exp(—m mk _ 4fe ) . (37)
1673 P k2 el 3rk
3 Fermion Pair Production | ators C, and C_[" such that
The procedure in Sec. 2 can also be applied to cal- CiVMC;:l = 4T, (38)
culations for a fermion field. However, two differences Where 7/ are Gamma matrices. We then define
should be noted. First, the Grassmann numbers are used Oy = C:I(VO (C+Ofcll>*70)ch . (39)
in fermion case. Second, instead of Oy, we usually calcu-  Since @] ¢ is Hermitian, one finds
late eigenvalues of OOy, where O is defined as follows. det O = det O} = det (’)}Ir =detOy. (40)

In even dimension, there exist two charge conjugate oper-

Assume the Lagrangian for a fermion field 1 is given in
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the form of £ :1/_)(9f1/). Defining eigenfunctions 1, with
eigenvalues A/

Ofwn = /\;ﬂﬁn 5

= Enthn.
Thus, the vacuum to vacuum amplitude for ) is
e™% = (vac — vac) oc/dﬁndgfl cxp(i/da:4)\%|§n|2)
o [[ X = det Op=(det 0;0;)"/2

(41)

we expand

(42)

= exp[%Tr(anf(’)f } = exp( Zln/\ ) (43)

where A, are eigenvalues of O f(’)f. The real part of & is
given by

3.1 Usual Fermion Field

The Lagrangian for a charged spinor of mass m and
charge e is

= i D'y p — mipp = PO, (47)

where O;O):iD“*yM — m. Using Eq. (39), one finds
090" = k1 + s, (48)
where o = (i/2)[v",7"], [Dp,D,] = ieF,,, k1 =

D? + m? and kg = (e/2)F,,0". Here the eigenvalues of
k1 in the case of a constant electric field are determined
in Sec. 2 and are given by

M=k +m?+ (2n+1)ek. (49)
In chiral representation, we have
-0 0
= ieE , 50
ie ( 0 U3> (50)

vr = Refy = Re(f? - f?) ; (44)  where A = —Ete, for a uniform electric field E = Fe,.
. . Temporarily rotating to imaginary time as before, we find
0 E _ > )
where & is &7 with £=0 and we define that the eigenvalues of (’);O)OECO) are
Foo ds _
J’?—fZ/ e s, (45) MO =k +m? 4 2meE forn=0,1,2,..., (51
d th ding d i
Squaring 7¢, we observe that the total pair production an ¢ COTTESPONAINE CEBEneracies are
. . 2g,eETV dk,
rate per unit volume is simply > (52)
pI"Obpair _ i(l _ e—Q’Yf) ~ ﬁ (46) h -1 d 7(227.?[‘}1 finds
VT VT VT | where gg = 1 and ¢,,~¢ = 2. Thus one finds
EVT T q
5}’:3 = ¢ / dk L / — eXp[ (k% +m? Z gn exp(—2ineFEs) . (53)
n=0
Using Dirac comb, we get
eEVT oo ds =
Reﬁf = o / dkL/O - exp[— (k2 + mz)s]ﬂ'k:Zoo d(eEs — k), (54)
VT o ds
Re) = e /dku_/o - exp[—(k? +m?)s]md(s) . (55)
Therefore, we have
2172 o
0 e“E°VT 1 km
k=1
3.2 Minimal Length Modified Fermion Field ! where we find
For this case, the Lagrangian incorporating Egs. (28) 50; = 50, — eﬁFwaLU‘W . (61)

and (29) for a charged spinor ¢ of mass m and charge e
can be written as

Ly =(ipy" —m)y, (57)
where p,, = (E,p;). We then find
Ly =90 = (O + 507 )y, (58)
where we define
i
6(’)} = —gﬂDf’ﬁ“ +0(5?). (59)

Equations (39) and (59) give the product of O; and Oy
to O(p)

0;0; =00 1 605, (60)

The first term in Eq. (61) is just §O; given in Eq. (33),
while one can express the second term in terms of ladder
operators after rotating to imaginary time. In fact, using

Egs. (20) and (21) gives

—0% 0

0 o3 (62>

which does not contribute to the first-order correction
to eigenvalues Ai(zi of the leading operator O;O)@;O) in

Eq. (60) since (n|F,, D20 |n) is zero. Thus, the eigen-
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values of O;0; to O(f) are are also
25kt 29,eETV dk (64)
N~ ki+m2+2n6E+TJ‘ forn=0,1,2,..., (63) (2m)3 ’

where we use Eq. (35). The corresponding degeneracies

where go = 1 and ¢,,~9 = 2. Therefore, one finds for 5}5

&F ~

Using Dirac Comb, we find that

g eBVT T ds (2
Reéy ~ e /ko_/O . exp[ (kJ_—&—

VT T ds
0 2 2
Reé; ~ (27T)3/dkj_/0 . exp[—(kL+m

Again, we obtain ¢ to O(f)

75 = Re(¢f — 553)
L VT S 20k \ ko
N787T3 /dkzlexp[ (kJ_—I— 3 )E]
eZEQVT 1 o km  4PBeE
N o kgl = exp(—m " 30k ) . (68)

4 Discussion and Conclusion

First, it is noted that the problem of scalar particles
pair creation by an electric field in the presence of a min-
imal length is also studied in Ref. [20]. The authors con-
sidered another GUP of form

T; = Toj , (69)
pi = poi(1+ Bp?), (70)

where zy; and pg; satisfy the canonical commutation rela-
tions. Using Bogoliubov transformations, they found

(-]

where their minimal length corrections depend on the

%y ~ exp|—m (71)

mass of scalar particles while our results do not, at least
to O(B).

Comparing the usual scalar result Eq. (27) with the
usual fermionic result Eq. (56), one might note that there
are two differences. The factors “(—1)**1” appear in
Eq. (27) because of the sign difference between Egs. (9)
and (43), and an extra eF in Eq. (22) comparing to (51).
The fermionic result is a factor of 2 larger than the result
for the scalar, as would be expected from the extra spin
degree of freedom. The same story happens to the min-
imal length case if one compares Eq. (37) with Eq. (68).
However, it is interesting to note that the minimal length
effects on pair production rates for scalars and fermions
are the same, the factor exp(—4GeE/3rk) in both Eq. (37)
with Eq. (68).

In the case of electron-positron pairs, the pair produc-
tion is irrelevant for laboratory electric fields, let alone
the minimal length corrections. However, the Schwinger

eEVT +oo ds ) ) 25k54l 00 .
W/d/@_/o ?exp[—(/u +m” + 3 )s}nz_:ognexp(—2neEs).

(65)

Qﬁk ) } Z d(eEs — k), (66)
k=—o0

+ %)s} mo(s) . (67)

| mechanism has to do with the Unruh effect which predicts
that an accelerating observer will observe a thermal spec-
trum of photons and particle-antiparticle pairs at temper-
ature T = a/27, where a is the acceleration.*!l] We now
investigate how our results imply for the corrections to the
Unruh temperature due to the minimal length. Consid-
ering a free particle of charge e and mass m moving in a
static electric field F, one finds the particle have acceler-
ation @ = em/FE. Keeping only the leading term, the pair
production probability per unit volume per unit time is
probpair 9 T 48eFE
VT eE  3m ) '
Identifying the reduced mass m/2 = K as the energy as-
sociated with the pair production process, we find that

~ exp(—m (72)

the production probability can be written in the form
)
a/2m 3r2 /17
The minimal length modified Unruh temperature can be
read from Eq. (73), which gives
48a?
32 ) ’

a
T, ~ L (1 _
where a is the acceleration of the observer.

probpair ~ €xp [— (73)

o (74)

The Unruh effect can be relevant to the phenomenon
of black hole decay due to pair creation, the Hawking
radiation.??! Consider a Schwarzschild black hole with
the black hole’s mass, M. The event horizon of the
Schwarzschild black hole is 7, = 2M. Noting that the
gravitational acceleration at the event horizon is given by

M1

2 I

one finds from Eq. (74) that the minimal length modified
Hawking temperature is

(75)

T, ~

87r1M (1 B 127T§M2) ' (76)

Using the first law of the black hole thermodynamics, we
find the corrected black hole entropy is

dM A B/ A
5—/7TNZ+§mG@% (77)
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where A = 4nr? = 16mM? is the area of the horizon.
The logarithmic term in Eq. (77) is the well known cor-
rection from quantum gravity to the classical Bekenstein—
Hawking entropy, which have appeared in different studies
of GUP modified thermodynamics of black holes.[23-25]
A careful reader might not be satisfied with the above
heuristic handwaving argument relating the Schwinger
mechanism to the Unruh temperature and the Hawking
temperature. However, using the minimal length modi-
fied Hamilton—Jacobi Method incorporating Egs. (28) and
(29), we found in [26] that the corrected Hawking temper-
ature for the Schwarzschild black is given by

T ~ (78)

8771M (1 B 6Aﬁ42> ’

which is almost same as Eq. (76) except the numerical
factor in front of 3. Note that the Unruh effect was dis-
cussed in a new GUP form.[2”! Morover, the effects of the
minimal length on Schwinger effect were also discussed in
Refs. [28—29] using the hypothesis of path integral duality.

In this paper, incorporating effects of the minimal
length, we derive the deformed Schwinger mechanism for
both scalars and fermions in a static uniform electric field.
Using handwaving argument, the implications of our re-
sults for the Unruh temperature and the Hawking tem-
perature are also discussed.
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