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Abstract The Gross-Pitaevskii equation, which is the governor equation of Bose-Einstein condensates, is solved by
first order perturbation expansion under various g-deformed potentials. Stationary probability distributions reveal one
and two soliton behavior depending on the type of the g-deformed potential. Additionally a spatial shift of the probability
distribution is found for the dark soliton solution, when the q parameter is changed.
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1 Introduction

Bose-Einstein condensation (BEC) of ultracold con-
fined interacting dilute bosonic gases have attracted a lot
of attention both theoretically and experimentally.!!—3!
BEC in a 3D box is a second order phase transition,
which occurs at a critical temperature T,, which is pro-
portional to particle density with (N/V)?/3 term. The
condensation temperature of ideal and interacting bosonic
gases can be computed by analytically or numerically.
Bosonic particles can spontaneously form a BEC at T,
in three dimension, however BEC does not occur at two
and one-dimensional space without external potentials. In
order to obtain BEC at any dimension, magnetic har-
monic and/or harmonic potentials can be used. Fur-
thermore, various trapping potentials lead to different
shape of condensates such as one-dimensional,[*=5! two-
dimensional,?! disk-shaped!®~7 or cigar-shaped.["] Ac-
cording to the type of trapping potential, stabiliza-
tion of many particle states occurs as a solution type

(4,8-10] yortices' and vortexes.'2] On the

of solitons,
other hand, BECs are studied for in a various aspects,
such as phase coherence,[!3] phase coherent amplifica-

s,14-16] fluctuations,!” matter-wave

tion of matter wave
diffraction.!'®! BEC for interacting particles have also been
studied for different potentials such as Morse, Pdschl-

(19-20] except from

Teller and elliptic function potentials,
harmonic and optical potentials. Finding a solution for
these potentials is more difficult than harmonic or optical
lattice potentials. Therefore, in general, numerical solu-
tions are employed to Gross-Pitaevskii equation to find ap-
proximate solutions for wave functions and ground state
energies at critical temperature.[?!=23 The formation of

BECs under several type of potentials, their T, values,
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ground state populations and heat capacity values are in-
vestigated in Ref. [19]. Furthermore, in Ref. [19], T, and
condensate fraction expressions have been calculated for
weakly interacting Bose gas in an effective external poten-
tial.

Recently, g-deformed potentials are highly attracting
and investigated by several authors after g-deformed hy-
perbolic ones have been proposed by Arai.24=25] This kind
of potentials can be created by destroying symmetry of the
potential with wave mixing. The main route of g-deformed
quantum mechanics?6=271 was developed by generaliz-
ing the standard quantum mechanics, which was based
on the Heisenberg formalism. By using ¢-deformation,
several quantum mechanical phenomena such as uncer-
tainty relation,[?8=29 coherent states, 283031 density
matrix using g-boson oscillator coherent states,®?! hydro-
gen atom!®3 were investigated. After the introduction of
g-deformed harmonic oscillator,3% g-deformed potentials
have found applications in physics and chemistry such
as explaining weak localization and magnetoresistance in
semiconductors, ¥ vibrational spectra of diatomic[®?! and
polyatomic molecules. !

g-deformed potentials have also been used to model
BEC. For example, g-deformed potentials present promis-
ing applications for modeling the atom-trapping potentials
in BECs.1*7l The ¢-deformation of the Morse potential is
investigated in Ref. [38], the solutions of Schrédinger equa-
tion under various g-deformed potentials are investigated
in Refs. [39-41]. However, as our knowledge, g-deformed
potentials have never been studied to analyze the solu-
tion of one-dimensional Gross-Pitaevskii equation based
on first order perturbation expansion method. In this
study, we obtained g-parameter dependent dark soliton
solutions under these type of potentials.
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The structure of article is as the following; beforehand
a brief outline of perturbation solution method is given in
Sec. 2. Afterwards in Sec. 3, the definition of ¢-deformed
Dark and
bright soliton wave-function solutions obtained by the ap-

potential is presented with various examples.

plication of first order perturbation method are also in-
cluded in Sec. 3. The change of the probability distribu-
tion of single particle is given in Results and Discussion
section for various potentials.

2 First Order Perturbation Solution

Single particle behaviour in a BEC is explained by
Groos-Pitaevskii equation.?3] In one dimension, Gross-
Pitaevskii equation or in the literature usually called the
nonlinear Schrodinger equation is given as the following,

2 92
if axpg; t)_( ;—m%—i—e‘/( )+ g1 ¥(z, ) ) ¥, 1), (1)
where g = 4rah?/m and it is ¢ > 0 or g < 0 under re-
pulsive or attractive interactions, respectively. a is the
s-wave scattering length for the real potential, which is
also called the boson-boson scattering length. V' (x) is the
external potential, which is usually selected as magnetic
or harmonic optic trap.

A stationary solution to Eq. (1) can be proposed as

vt =hfr oo (Gew). @)

Putting this wavefunction into Eq. (1) gives
2m

V(2) = —p(@) + @) + ez Vo). (3)

After defining a scaled potential as U(z) = 2mV (z)/h?
and integrating Eq. (3) once gives as in Ref. [20]

WP () = O — 4(2) + 1/204(2)
+%/“wmwwwwm% (4)
0

where C' is the integration constant. Above equation is
integrable when € = 0, so ¥(z,t) and ¥ (z) can be formed
as a perturbation expansion for a small e. The proposed
stationary solution and spatial part of the wavefunction
become as in Ref. [20],

U(x,t) = Uo(z,t) + Uy (2,t) + EVg(z, )+, (5)
(@) = vo() + er () + a(2) + -, (6)

where tg(z) is the ground state wavefunction. Now
putting the ¥ (z) into the Eq. (4) and taking the lim._
will give a first order differential equation

2000 () = 2C% — 243 () + Y5 () - (7)
After setting 2C? = 1 the solution can be obtained as
o(z) = tanh(Az + z0) , (8)

where A = 1/\/§ This is the special case of the Jacobi
elliptic function sn(x, k) with k¥ = 1. ¢ is the integra-
tion constant and it is set to zero. This type of solution
is called as dark soliton and the g is the zero ordered
perturbation term. In order to find the first order pertur-
bative solution, ¥ (z) = ¥o(x) + €1 (z) is put into Eq. (4)
divided by 2¢ and the limit lim._,( is taken then this will
give

01() = s {080 — dol@lin (o)

0
+ /Ox U(y)wo(y)%(y)dy}- 9)

The solution of the above first order linear differential
equation can be obtained by using integrating factor
method. The solution of the following equation

1(x) + P(z)ih(z) = Q(x) (10)
can be extracted from the following equation
/ Qa ()
where integrating factor p(z) is
u(x) = exp (/P(m)dx) ) (12)
where P(z) and Q(z) are defined from Eq. (9) as
1
Q) = i [ Vwnwviay.  (a)
After extracting 1 ( ) from Eq (11), ¥1(x) is obtained as
/ fo i (2)dz
)
1/)0 z) — Po(2)
X exp (/y Wdz) dy. (15)

By using the trick in Ref. [20] t1 () can be obtained as
o © S U2)o(2)vh(2)dz
) e

Finally ¥ (x) = v¥o(x) + e1(x) will give the first order
perturbation solution.

(16)

3 g-Deformed Potentials

The g¢-deformed hyperbolic functions are first men-
tioned by Arail?4=25 and they are composed of g-deformed
exponential functions defined by the following equations,

sy (2) = <2 costy(a) = I )
sinh,(z) e*—gqge™*
tanh = i = 18
an q(x) COShq(Z‘) et +qe 7 ’ ( )
1 2
sech¢(z) = = (19)

coshy(z) e*4qge*’
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Arai defined these functions in his study on exactly solv-
able supersymmetric quantum mechanics.

g-deformed Manning-Rosen potential is composed of
g-deformed hyperbolic functions. In our work we used the
following modified version of g-deformed Manning-Rosen
potential, which provides a solution in the used perturba-
tion method,

2
)

a( ) . (20)

Rewriting the above equation in terms of hyperbolic func-

9 — Az

eAw + qe—Ax

eAz —qe

Uq(l’) eAx +qe—Aw

tions gives,

From Eq. (21) one can derive several type of potentials.
If a<0,b>0,and ¢ =1, Eq. (21) gives Rosen-Morse,

U(zx) = asech?(Az) + btanh(Az) (22)
ifa<0,b=0, and ¢ =1, Eq. (21) gives Poschl-Teller,
U(zx) = asech?(Az), (23)

finally if a > 0, b < 0 and ¢ = —1, Eq. (21) gives Eckart
type potential,

U(z) = acosech®(Ax) + bcoth(Azx). (24)

The profile of ¢-deformed Rosen-Morse and Poschl-
Teller potentials are given in Figs. 1(a) and 1(b) respec-

Uy(z) = asechi(A:c) + btanh,(Ax). (21) | tively.
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Fig. 1 g¢-dependence of g-deformed potentials. (a) g-deformed Rosen-Morse, (b) g-deformed Poschl-Teller po-
tentials, which are drawn with parameters a = —1, b = 1 and a = —1, b = 0, respectively for ¢ values varied in

the set of {0.5,1,2}.

3.1 Dark Soliton Solutions

One can easily show that tanh,(z) is also a solution
of Eq. (7).
ton allows us to obtain a first order perturbation solution
by rewriting ¢o(z) = tanhy(Az) and potential U(z) in

This nice property of g-deformed dark soli-

terms of exponential functions and calculating integrals
in Eq. (16). The integration gives first order perturbation
solution of the wavefunction as the following,

—Azx + eA:v 6672Az

24A4%(q + 1)*(q + e?47)

wd - qe—Ax+ eAx

5 %K, (25)
where
K = —6aq* + 3bq°® + 3bg® + bg* + bg?
+ 2¢%(—24aq — 3bq* — 6bq® — 8bq + b) e2Ar
+ (6a + bg® + bg® + 3bq + 3b) e84
+ (48aq + 2bg* — 16bg® — 12b¢* — 6b) €447
+ (—24Aaq s — 96 Aag®s — 96 Aagr — 24 Aax
+ 12A4bg°x — 24Abg*x + 24 Abg*x — 12 Abgx
+ 6ag* + 48aq> — 48aq — 6a + 3bq® — 3b¢°
+ 9bg* + 30b¢> + 9bg® — 3bq + 3b) 47

3.2 Bright Soliton Solutions

It is well known that under attractive interaction
where g < 0, a bright soliton solution, 1g(z) = sech(x)
satisfies Gross-Pitaevskii equation Eq. (1). This result can
be obtained by proposing a different stationary solution to
Eq. (1) as the following,

-1 ih
U(z,t) = hy/ g exp (%t)w(x) . (26)
Substitution of Eq. (26) into Eq. (1) gives,
V(@) = ()~ @) + V@) (27)

72
Defining a new scaled potential as U(z) = 2mV (z)/h?,
taking the limit of lim._,y and lowering the degree of the
derivation will give the first order ordinary differential
equation, which is satisfied by the bright soliton ground
state wavefunction.

2
o (z) = ¥3(z) — Yo (x). (28)
Applying the same steps in Subsec. 3.1 one gets a per-
turbative solution for a bright soliton as the following,

by = 2 ee”
T er g e 48(e2 4 1)

x (36ax e® +3ae’™ —3a +4be*™ — 8be** + 4b) .(29)

x
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Unfortunately g-deformed sechy(x) function does not
satisfy Eq. (28), therefore we have only investigated the
special case of ¢ = 1.

4 Results and Discussion

In order to understand the localization behavior of
the single particle wavefunction, the spatial dependence
of the probability distribution is investigated. The prob-
ability distribution is found by taking the norm-square of
the wavefunction where € parameter was kept constant in
dark and bright solition solutions and taken as 0.1. In the
dark soliton case, under g-deformed Rosen-Morse poten-
tial when g = 0.5, first order perturbation of the ground
state gives a two-soliton solution. On the other hand at
q = 1,2 values, the solutions become one-soliton in char-

6 T
(a) —0.5
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2.0 :
4 .:
]2

2

acter as seen in from Fig. 2(a).

g-deformed Pd&schl-Teller potential has a different g de-
pendence than g-deformed Rosen-Morse potential. For all
q values greater than zero two-soliton solutions are found
as seen from Fig. 2(b). The asymmetry resulting from the
g-deformation of the potentials are reflected to probabil-
ity distributions as seen in Figs. 2(a) and 2(b). Mainly
g-deformation causes a spatial shift in the probability dis-
tribution.

When compared to dark soliton solutions, bright ones
are respectively sharp and single. The amplitude parame-
ter a in the potentials affects the shape of the soliton but
does not have any effect on the amplitude of the prob-
ability distribution under Rosen-Morse and Poschl-Teller
potentials as seen in Figs. 3(a) and 3(b), respectively.

(b)

Fig. 2 Dark soliton solutions under (a) g-deformed Rosen-Morse potential, (b) g-deformed Poschl-Teller potential
with parameters a = —1, b=1 and a = —1, b = 0, respectively for ¢ values varied in the set of {0.5,1,2}.
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Fig. 3 Bright soliton solutions under (a) Rosen-Morse potential, (b) Pdschl-Teller potential with parameters
g=1,b=1and g =1, b =0, respectively for a values varied in the set of {—0.5, -1, —2}.

5 Conclusions

As a conclusion, in this work Bose-Einstein conden-
sation of the interacting bosonic particles under various
g-deformed potentials is investigated by solving Gross-
Pitaevskii equation within a perturbation method. Gen-
eral ¢g-dependent dark soliton solutions are found for ¢-
deformed Rosen-Morse and ¢-deformed Poschl-Teller po-

tentials. On the other hand, we show that a g-deformed
bright soliton does not provide a solution. Therefore, spa-
tial manipulation of BEC might be possible for dark soli-
tons under the investigated potentials, whereas for bright
ones it might be impossible. Due to the Dirac-Delta func-
tion like behaviour of the Eckart type potential we have
not found numerically stable solutions by applying pertur-
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bation method. Theoretically, it can be speculated that
if one can experimentally manage and g-deform the con-

fining potentials, than one can spatially manipulate the
BEC easily by changing the g parameter.
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