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Abstract In this investigation we analyze the rotating three-dimensional magnetohydrodynamic flow of Maxwell fluid
in attendance of binary chemical reaction with activation energy. Furthermore, effects of non-Fourier heat flux are taken
into account. Formulation is done in the presence of heat and mass convective boundary conditions. Self-similar forms
from boundary layer equations are obtained using apposite transformations. Numerical solution is obtained via built-in
bvp-4c function in MATLAB for the system of differential equations. Effects of ensuing parameters on flow distributions
are portrayed graphically. It is witnessed that increasing values of rotational parameter lowers the velocity profile and
both Biot numbers have escalating effect on temperature and concentration distributions. A comparative study to a

previously done investigation is also included to corroborate our results.
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1 Introduction

The subject of non-Newtonian fluid mechanics has
been an inspiring and defying area as it enfolds abun-
dant vital problems from petroleum, biomedical food pro-
cessing, chemical and polymer industries. Non-Newtonian
fluid models are quite effective to illustrate the flow of
commonly used various fluids available naturally or in pro-
cessed form like motor oils, polymeric liquids, slurries, bi-
ological fluids and pastes etc. Elastico viscous fluid is a
kind of non-Newtonian material in which the fluid’s de-
formity rate decreases once the shear stress is removed.
This action is recognized as stress relaxation. In absence
of sheer stress the time consumed by the fluid, to regain
its equilibrium position due to its elastic characteristics,
is named as relaxation time. Upper-convected Maxwell
(UCM) fluid model is one of the commonly used elastico
viscous fluid models. Maxwell fluid model has gained spe-
cial attention of researchers in the recent past. Han et
al.!l studied analytical solution of UCM fluid flow past
a stretched surface with Cattaneo-Christov heat flux and
slip boundary condition. Mustafal?! found numerical and
analytical solution of non-Fourier heat flux in a rotating
flow of Maxwell fluid. Ramzan et all3! discussed numer-
ical solution of 3D UCM fluid flow with effects of non-
linear radiative heat flux and chemical reaction in atten-
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dance of double diffusion. Ramzan et all¥ also exam-
ined three-dimensional UMC magnetohydrodynamic fluid
flow with impact of homogeneous-heterogeneous reactions
and non-Fourier heat flux with convective boundary con-
ditions. Mustafa et al.[’! analytically investigated the flow
of Upper-convected Maxwell fluid and temperature re-
liant thermal conductivity with Cattaneo-Christov heat
flux. Khan et al.l% found series solution of Maxwell fluid
flow with homogeneous-heterogeneous reactions in atten-
dance of heat generation/absorption and chemical reac-
tion. Khan et all”l deliberated flow of Maxwell fluid
with effects of mixed convection past an oscillating ver-
tical plate using Laplace transform method. Hsiaol® in-
spected Maxwell fluid flow past a high efficiency extrusion
sheet with electrical MHD, mixed convection and ther-
mal radiation. Hayat et al.[g]) cogitated the 3D rotating
flow of Maxwell nanofluid with using Optimal Homotopy
analysis method. Jusoh et al.l'% found numerical solution
of MHD 3D Maxwell fluid flow through a porous stretch-
ing/shrinking surface with convective boundary condition.
Some more investigations highlighting flow of Maxwell
fluid may be seen at Refs. [11-13].

In many engineering processes, like thermal insulation,
vaporization, food processing, diffusion of nutrients in tis-
sues, distillation of alcohol, condensation in mixtures, im-
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portance of mass transfer can not be denied. A valuable
contribution of mass transfer may also be found in living-
matter processes including sweating, respiration and nu-
trition etc. There have been studies in the past highlight-
ing role of chemical reaction in mass transfer processes (see
Refs. [14-16] and reference there in) and has a variety of
applications like thermal oil recovery, chemical engineer-
ing, nuclear reactor cooling, and geothermal reservoirs.
Study of binary chemical reaction in the flow of bound-
ary layer was coined by Bestman.['”) He studied the flow
of heat and mass transfer past a permeable medium with
effects of binary reaction and arrhenius activation energy.
Activation energy has a key role in all chemical reactions.
It is the minimum amount of energy required for atoms
and molecules to be in a position where a chemical reac-
tion may trigger. The idea of activation energy is widely
applicable in many fields including oil emulsions, oil reser-
voir, and mechanics of water. Makinde et all'® found
numerical solution of time dependent flow with radiation,
chemical reaction and Arrhenius activation energy effects
past a permeable plate. Later, Maleque!'® talked about
solution of time dependent fluid flow in attendance of heat
generation/absorption, viscous dissipation, Arrhenius ac-
tivation energy, and chemical reaction. Awad et al.2%
used the Spectral Relaxation Method (SRM) to find so-
lution of a rotating viscous fluid with chemical reaction
and Arrhenius activation energy. Some recent studies fea-
turing both chemical reaction and activation energy are
referred at Refs. [21-22].

A reasonable number of applications emphasizing the
role of steady and unsteady rotating flows may be found in
chemical and geophysical fluid mechanics. These all of ap-
plied nature like in thermal power generating systems, in
food processing, in the skins of high speed air crafts and
in rotor stator systems. The pioneering work highlight-
ing rotating flow was done by Wang.[?*l This was followed
by a study by Rajeswari and Nath®* who explored the
rotating time dependent flow. Takhar et al.[*! later dis-
cussed the effects of magnetohydrodynamic in a rotating
flow. Kumari et al.? found numerical solution of rotating
flow of Power law fluid model using Keller Box method.
Zaimi et al.?7! also applied same numerical technique to
examine the rotating flow of viscoelastic fluid. Javed et
al.?8] investigated rotating fluid flow past an exponential
stretched surface. Mustafal?®! deliberated rotating flow of
UCM fluid with non-Fourier heat flux. Turkyilmazoglu!3%l
applied Spectral numerical integration method to find so-
lution of a shrinking rotating disk with effect of magne-
tohydrodynamic. Recent attempts emphasizing rotating
flow are referred at Refs. [31-33].

It is observed that past investigations have not consid-
ered the onset of binary chemical reaction and energy acti-
vation on 3D rotating flow of Maxwell fluid accompanying
non-Fourier heat flux. The present effort is to fill in such
gap. Additionally, flow analysis is performed in the pres-
ence of magnetohydrodynamic and, heat and mass con-

vective boundary conditions. Novelty of the existing ex-
ploration is through the subsequent characteristics. First,
we have considered the three dimensional Maxwell rotat-
ing fluid flow with chemical reaction and activation en-
ergy. Second, the effect of magnetohydrodynamics is con-
sidered in the formulation of the problem. Third, we have
analyzed the whole scenario in attendance of heat and
mass boundary conditions. Fourth, the problem is stud-
ied in the presence of non-Fourier heat flux. Fifth, we have
found the numerical solution®*—3%! using bvp-4c¢ function
in MATLAB. Graphical illustrations accentuating effects
of arising parameters on all involved fields are presented
and well argued. A comparison to a previously published
study is also added to validate our results.

2 Mathematical Formulation

Consider a 3D Maxwell rotating incompressible fluid
flow (rotating with a constant angular velocity ) past an
elastic stretched surface placed in the zy-plane in which
fluid is positioned at z > 0. The sheet is stretched with
a linear velocity wu,(z) = ax in z-direction. Let T, and
Cy be the temperature and concentration at the surface.
However, T, and C, are the temperature and concentra-
tion far away from the surface as shown in Fig. 1.
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Fig. 1 Geometry of the Problem.

A magnetic force of strength By is applied normal to the
plane of the stretched surface. Taking into account the
binary chemical reaction with activation energy?%! and
non-Fourier heat flux,[3% the governing equations of 3D
Maxwell rotating fluid are given by:

V-V=0, (1)
pl(V - V)V + (2 x (Q x 7)) + (22 x V)]
=-Vp+V-S—0BV, (2)
pcp(V -VT)=-V-q, (3)
(V.VC) = DVQC—kf(%)ne‘E“/“T(C—COO), )

where p, p and Q = [0,0,Q] are fluid density, pres-
sure and the angular velocity. The quantity Q x (Q X
r) = —V(Q%r?/2) denotes the centrifugal force which is
well-adjusted by the pressure gradient —Vp. The term
E2(T/Ts)™ e~ Fa/5T represents the modified Arrhenius
function.?! Here, k = 8.61 x 107° eV/K, k? and n
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(=1 < n < 1) are the Boltzmann constant, the reaction
rate and the fitted rate constant. The extra stress tensor
S (in Eq. (2)) for upper-convected Maxwell fluid obeys
the relation given below:

DS
A1 i (5)
and in Eq. (3), g is the heat flux satisfying the following
relation

SZ/,LAl—

where Ay and k represent the thermal relaxation time and
fluid thermal conductivity. Considering the mass continu-
ity equation V - V' = 0 and the steady laminar flow with
dq/ot = 0. Also in Eq. (5), A1, A1 = (VV) + (VV)! and
D/Dt are the fluid relaxation time, first Rivilin-Ericksen
tensor and the upper-convected time derivative. Introduc-

ing boundary layer approximations, Egs. (1)—(4) take the

dq
g+ 2 (50 +V Va—q-VV+(V-V)g) = —kVT, (6) | form
ou Ov Ow
oy T s =0 (7)
ou  Ou  Ou 0*u  oB} 5 0%u 282 282u 0%*u 0%u
Uor TVay TV TP T vgE T, u=u a0z Vg T T, T2 0,
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+2Uw8y62_29( or T Voy TV 9,) T 29(v %‘“a@)]’ 8)
ov ov ov 0%v  oB? 82 82 82 9%v 2v 9%v
Y o =y — 220, 2 2 2
Yor Vo TV, TEM T g2 T T, M [+ a2 T W g 2wy g 2wy o+ 2owg o
ou ou ou ov ov
“Q(“a?M('TJF az) t20(vg; - @)} 9)
or o 8—T+A( 8T+ 262—T+ £+2 > +2 O°T +2 o
Yor T8y TV ar T\ 922 Y 52 W YWozay T ozaz T " oyo2
+( @4_ @+ @)82 (671)4_ 8v+ 8v>8T (8w+ 8w+ 8710)82)_ 827T (10)
hrr Uay Yoz ) ox Or oy 0z/ Oy ox dy Yo:)8.) T Moz
oc  oC %_ o 2( T \N" —Bajsr
uh TG, Ty = PVIC kT(TOO) e (C - Cx), (11)

where D, k¢, and Ay are the diffusion coefficient, thermal conductivity of the fluid, and relaxation time of heat flux.
For A2 = 0, Eq. (5) is reduced to classical Fourier’s law and Fick’s law. Also, v, T, ¢,, v and (u,v,w) are the kinematic
viscosity, temperature, specific heat, fluid density and velocities along (x,y, z) directions respectively. Equations (7)-

(11) are supported by the boundary conditions are

u=ax, v=0 w=0, k% =hi(Tyw —T), fD% = hy(Cyp — C), at z=0,
u—0, v—=0, T—oTy, C—Csxasz— . (12)
Employing transformation
T-Ty C—-Cx
w=asf), v=argln), w= v, =12 a= [t sm=E==
Equation (7) is satisfied automatically and Egs. (8)—(12) take the form
"= 2 F 20 = Bfd) + BRI = 2 - M =0, (14)
9"+ fg =g =2\ + B = F"+9°) + B2 — [29") - Mg =0, (15)
— Pré(f20" + f£'0')+ Prfo' =0, (16)
E
¢" + Scf¢’ — Scop, (14 50)" exp [1+69}¢ 0, (17)
f0)=1, f(0)=0, g(0)=0, 6(0)=7(1-0(0), ¢(0)=nr(1-0¢(0),
f(00) =0, g(c0) =0, 8(c0) =0, ¢(c0) =0, (18)

where A\, 8, Pr, Sc, E, §, o, 0y, M, and 1 and 7y, are the |
rotation parameter, Deborah number (ratio of relaxation
time to time of observation), Prandtl number (quotient of
momentum to thermal diffusivity), Schmidt number (quo-
tient of momentum to mass diffusivity), non-dimensional

activation energy, temperature difference parameter, di-
mensionless reaction rate, thermal relaxation time (ratio
of time required by a tissue to cool midway towards its
original temperature), magnetic parameter and thermal
and concentration Biot numbers (quotient of resistance to
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the internal heat flow to resistance to external heat flow) ys(0) =1 — yg,),( )) ys(7) = 0. (24)
2

respectively and are defined as:

Q c v

)\:E, B:)\la, PT:%, SCZB,
E T, — T, k2

FE = a4 §=2 = m=—, 0=\
HToo7 Too ’ g Cl’ t 20,
oB? hy v hy v

M = 0 T = =,./—. 19
cp ’ =NV T DV (19)

Local Nusselt and Sherwood numbers in dimensional
form are

Ly T
Nuy = —r——r—~, Shy = ; 2
e e ULl Tromsars AR G
where
oT oC
g 32 z2=0 J 82’ z2=0 ( )

Dimensionless forms of Local Nusselt and Sherwood
numbers are

NugRe Y% = —0'(0), ShyRe;Y? = —¢'(0). (22)

3 Numerical Solutions

The system of ODEs is solved with MATLA B built-in
function bvp-4c. It is a finite difference code that im-
plements the three-stage Lobatto IIla formula. This is a
collocation formula and the collocation polynomial pro-
vides a C!-continuous solution that is fourth order accu-
rate uniformly in [a,b]. Mesh selection and error control
are based on the residual of the continuous solution. It
has the following Matlab syntax:

sol =(bup4c(@odefun; @bcfun; solinit; options). To ap-
ply this method, the system of nonlinear ODEs (14)—(17)
is converted to the subsequent system of first order ODEs:

We denote f by y1, g by y4, 0 by ys and ¢ by ys for
converting the boundary value problem to the following
initial value problem (IVP)

y/l = Y2, y/2 =Ys3,
1
Ys = 1—7534%[35 = y1y3 — 2A(ya — By1ys)
— 2By1y2ys + Mya]
Y =1Ys,
1
y&jngMMfM%+%%+Mﬁ*w%+ﬁD
1
— 2By1y2ys + Mya],
y(li =7,
1
= —o——[Pr§ - P
Y7 1-o, Pryf[ T0tY1Y2Y7 Ty1y7]
Ys = Yo,
6 = |Sco(1 4 dyg)" ex [ — ] — Se }, 23
Yo [ (1 + dys)"™ exp T 5 og0 )98~ Sv1vo (23)
along with following boundary conditions
yl(o) =0, yQ(O) =1, y2(7) =0, y4(0) =0,
0
D=0 w0 =12, om0,
1

All the computations are made with the tolerance of
e = 1075, using a verified Matlab code.

4 Results and Discussions

In this section we have presented graphical illustra-
tions depicting effects of varied prominent parameters on
all involved profiles with requisite deliberations.
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Fig. 2 Graph of f' versus 8. A = 0.2, M = 0.2,
Pr=10,n=0.2,v=0.1, 6 = 0.3, Sc = 0.7, 0., = 0.5,
§=1.0, E = 1.0.
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Fig. 3 Graph of g versus 8. A = 0.2, M = 0.2,

Pr=10,n=0.2,v = =0.1, Sc = 0.7, o, = 0.5,

§=1.0, E=1.0, 5, = 0.3.
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Fig. 4 Graph of f' versus \. 8 = 0.2, M = 0.2,
Pr=10,n=02 v =~ = 0.1, 6 = 0.3, Sc=0.7,
Om = 0.5, 6 = 1.0, E = 1.0.
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0.05 Figure 3 is portrayed to visualize the influence of Deb-
orah number 8 on g. From the graph, it is obvious that
0.00 negative g values point out the fluid’s flow completely in
y-direction. However, gradual increase in 3 shows that
—0.05 oscillations in g profile are more similar to that of f’.
s
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—0.20 J
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Fig. 5 Graph of g versus A. g = 0.2, M = 0.2, i
Pr=10,n=02,v = v = 0.1, § = 0.3, Sc = 0.7, _
om =0.5,86=10, E=1.0. ]
0.25 5 6 7
00k Fig. 8 Graph of ¢ versus 6. A = 0.2, M = 0.2,
g\ Pr=10,n=02 v =7 = 0.1, § = 0.3, Sc = 0.7,
om =05, 3=02, E = 1.0.
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Fig. 6 Graph of ¢ versus E. A = 0.2, § = 0.2, 02r

Pr=10,n=0.2 v = = 0.1, 6 = 0.3, Sc = 0.7,
om = 0.5, 8 = 1.0.
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Fig. 7 Graph of ¢ versus o,,. A = 0.2, M = 0.2,
Pr=10,n=02,v =~ = 0.1, 6 = 0.3, Sc = 0.7,
B=02,6=10,E=1.0.

Figure 2 represents the behavior of Deborah number 3 on
velocity field f/. From figure, it is witnessed that f’ is de-
creasing function of 8. This because of the fact that fluid’s
motion in one direction is stymied by the viscoelastic ef-
fects. For smaller values of 3, viscous effects are stronger
than elastic and eventually fluid starts behaving like elas-
tic solid material. However, for larger 3, f/ — 0 near the
sheet.

00r

02 . L . . , .
0

Fig. 9 Graph of f' versus M. X = 0.2, 8 = 0.2,
Pr=10,n=02 v = v = 0.1, 6 = 0.3, Sc = 0.7,
om=05,6=10, E=1.0.

Fig. 10 Graph of 0 versus 6;. A = 0.2, M = 0.2,
Pr=10,n=02,v =7 =01, 8 =02, Sc = 0.7,
om =0.5,0=1.0, E=1.0.

From Fig. 4, it is noticed that velocity profile f’ is de-
creasing function of rotation parameter A\. For A = 0, we
have non-rotating frame. With gradual increment in A,
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rotation rate will be stronger than the stretching rate and
offer more resistance to the fluid’s motion. Eventually, a
thinner boundary layer thickness with decrease in velocity
distribution is observed.

Figure 5 depicts the behavior of rotation parameter A
on velocity distribution g. It is noticed that an oscillatory
pattern encountered for increasing values of A which assist
the flow in negative y-direction.

Figure 6 is drawn to show the effects of dimension-
less activation energy E on concentration distribution ¢.
Form figure, it is revealed that E is dwindling function of
¢. Increasing values of £ with low temperature results in
smaller reaction rate constant and eventually slow chem-
ical reaction is observed. This boosts the concentration’s
solute.

In Fig. 7, impact of dimensionless constant rate o, on
concentration field is portrayed. Higher values of o,
weaken the concentration field that eventually supports
the destructive chemical reaction.
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Fig. 11 Graph of 6 versus Pr. A = 0.2, M = 0.2,
=02 n=02 v = =01, 6 = 0.3, Sc = 0.7,
om =1.0,0 =10, E=1.0.
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Graph of 6 versus ;.
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om =05,6=10, E=1.0.

Figure 8 is illustrated to depict the influence of tem-
perature difference parameter § on concentration distribu-
tion. As the difference between the two temperatures (at
the wall and far away from the wall) increases, a weaker

concentration profile with thinner boundary layer thick-
ness is witnessed.

n — 7,=01
03014 — 4,502
3 ——7,=03
0250 04
020
£
® 0lst
0101
0051
0 .
5 6 7
Fig. 13 Graph of 6 versus 2. A = 0.2, M = 0.2,

Pr=10,n=0.2 =026 =0.3, Sc=0.7, o = 0.5,
§=1.0, E = 1.0.

Table 1 Comparison of Local Nusselt number —§’(0)
for varied values of A, § and Pr obtained by Shafique
et al.?? in the absence of magnetohydrodynamic and
Cattaneo-Christov heat flux.

A B8 Pr Ref. [22] Present
0.2 0.5 1.0 0.519 03 0.519 05
1.0 0.342 37 0.342 39
1.5 0.278 27 0.278 29
2.0 0.237 46 0.237 49
0.2 0.2 1.0 0.546 76 0.546 75
0.4 0.528 09 0.528 08

0.6 0.510 09 0.510 07

0.8 0.492 55 0.492 53

0.2 0.5 2.0 0.851 09 0.851 08
5.0 1.515 53 1.515 55

7.0 1.845 40 1.845 43

10.0 2.260 33 2.260 35

From Fig. 9, it is perceived that velocity distribution is
dwindling function of magnetic parameter M. The reason
of deteriorating velocity is stronger Lorentz force (because
of gradually improving values of M) which ultimately op-
pose the fluid’s motion and forces it to slow down.

Figure 10 is portrayed to show the influence of thermal
relaxation time d; on temperature distribution #. From
Fig. 10, it is seen that 6 is declining function of d;. Com-
paratively more time is required by material particles to
pass on heat to adjacent particles with increasing ther-
mal relaxation time. This feature of material resembles to
partially insulated materials and has become a reason to
lower the temperature.

In Fig. 11, effect of Prandtl number Pr on temperature
field 6 is displayed. For growing values of Pr, a weaker
thermal diffusivity is noticed that ultimately drops the
fluid’s temperature.
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Table 2 Sherwood number for varied values of Pr,

S¢, Om, 0, E and n when 71 =y == M =0.2.

Ot

Pr Ot Sc

Om o FE n

—¢'(0)

20 03 07
1.0
1.5
2.0
2.5
0.4
0.5
0.6
0.8
0.9
1.0

50 1.0 1.0 0.5

2.0
3.0
4.0
1.2
1.4
1.6
1.2
1.4
1.6
0.6
0.7
0.8

1.695
1.723
1.710
1.695
1.679
1.693
1.691
1.689
1.820
1.938
2.049
1.106
1.330
1.522
1.766
1.833
1.895
1.603
1.515
1.432
1.742
1.791
1.843

147
371
363
147
390
390
418
210
687
417
588
768
155
918
554
236
725
219
669
350
360
638
065

UL OO O W Ok W O NN 0 = 00 00 O k= N = W oo w

Figures 12 and 13 reveal that temperature and concen-
tration distributions with their associated boundary layer
thicknesses are augmented with mounting values of re-
spective Biot numbers ; and 7. As temperature and
concentration have direct proportionate with heat and
mass transfer coefficients h; and hsy respectively. That is
why both distributions demonstrate increasing behavior
for higher values of respective Biot numbers.

Table 1 is erected numerically to give comparison with
a previous study by Shafique et al.[??! in limiting case and
all values are found in an excellent agreement. Table 2
represents the trend of Sherwood number against varied
values of Pr, 6;, Sc, o, §, n, E and by fixing other pa-
rameters A, 3, M, v; and 7,. It is noticed that Sherwood
number showns a declining behavior for Pr, §;, E and
increasing tendency for Sc, oy, 0, n.

5 Final Remarks

In this exploration, we have studied numerical solu-
tion of 3D magnetohydrodynamic rotating flow of Maxwell
fluid with binary chemical reaction, activation energy and
Cattaneo-Christov heat flux using bvp-4dc MATLAB. The
key observations of the present study are:

e Velocity is declining function of Deborah number
and rotation parameter.

e Activation energy and temperature difference pa-
rameters have opposite effects on concentration dis-
tributions.

e With increase in thermal relaxation time and
Prandtl number, decrease in temperature field is ob-
served.

e Temperature and concentration distributions
demonstrate increasing behavior for respective Biot
numbers.

e Sherwood number shows a decreasing behavior for
Prandt]l number, thermal relaxation time, and non-
dimensional activation energy.

Competing interests: The authors declare no com-
peting interest.
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