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Abstract In the present paper, the two-dimensional quantum Zakharov-Kuznetsov (QZK) equation, three-dimensional
quantum Zakharov-Kuznetsov equation and the three-dimensional modified quantum Zakharov-Kuznetsov equation are
analytically investigated for exact solutions using the modified extended tanh-expansion based method. A variety of
new and important soliton solutions are obtained including the dark soliton solution, singular soliton solution, combined
dark-singular soliton solution and many other trigonometric function solutions. The used method is implemented on the
Mathematica software for the computations as well as the graphical illustrations.
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1 Introduction

Partial differential equations are of great importance in
many physical phenomena describing particularly science
and engineering models. However, one can easily find that
the quantum Zakharov-Kuznetsov (QZK) equations(! —8l
play vital roles in plasma physics that has to do with mag-
netized plasma and nonlinear ion-acoustic waves among
others. !

The (2+1)-dimensional quantum Zakharov-Kuznetsov
(QZK) equation is given by

(1)
the (3 + 1)-dimensional quantum Zakharov-Kuznetsov
(QZK) equation reads

Ut + PUUL + QUy 5 + TUze, + SUyyz = 07

Ut + putiy + @(Ugpg + Uyyy) + 7 (Ugyy + Uzay) =0,

(2)
while the (3+1)-dimensional modified quantum Zakharov-
Kuznetsov (MQZK) equation is

(3)
where p, q, v, and s are real-valued constants. Further-
more, since solution of a given problem helps in under-
stating the physics and mathematics behind; different
methods have been proposed to solve varieties of evolu-
tion equations. These methods include the Kudryashov
method,[19=13] extended tanh based method,*~18] ra-
tional expansion method,' Sine-Gordon and ansatz
methods,[2°=23] Jacobi elliptic function method¥ sym-
metry analysis method[®”! and Adomian decomposition

2 _
Ut + PU UL + QUzzz + TUggs + SUyy: = 0,
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method =27 and other methods (see, Refs. [28-38]) oth-
ors.

However, in the present article, we intend to ana-
lytically treat the above equations given in Egs. (1)—(3)
by constructing certain solitary wave solutions using the
modified extended tanh-expansion method with the Ric-
cati differential equation; 418! via the help of Mathemat-
ica software. The paper is organized as follows: Section 2
gives details about the methodology. Section 3 is for ap-
plication of the method to the considered equations. In
Sec. 4 we give some graphical representations of the ob-
tained solutions; and Sec. 5 is for conclusion.

2 Analysis of the Method

We present the modified extended tanh expansion
method by considering the nonlinear differential equation
of the form:

) =0, (4)

where u = u(x,t). Also, we use the wave transformation
U(iL’,t) = U(g) ) g = ar — dta (5)

where a and d are nonzero constants. Substitution of
transformation Eq. (5) into Eq. (4), we get a reduced or-
dinary differential equation of the form

PUU,U",..)=0,

G (Uy Uy Ugy Uty Uy Ut Uy - -

(6)

’is a derivative with respect to £. Further, the

where,
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solution is assumed to be of the finite series of the form:  where from Eq. (8)
n=N n=N
n bn (&) = P2(g), P'(€) =29 d2(£)). (13
VO =00+ 3 'O+ 3 o (© =w+ B0, Q) = 20w+ 2. (13
n=1 n=1 Then, putting the values of Eq. (12) and its necessary
any #0, by #0, (7)  derivatives together with Eq. (13) into Eq. (11); collecting

where ag, an, by, n = 1,2,..., N are nonzero constants
and N is a positive integer determined by balancing the
highest order derivative with the highest nonlinear term
in the equation, and ®(&) satisfies the Riccati differential
equation:

P'(€) = w+ 9*(¢), (8)

where w is a constant. Further, the differential equation
(8) admits the following solutions:
(i) if w =0, then
(¢) = -
(ii) if w > 0, then
©(&) = vwtan(vVws)
0(&) = —vwcot(vwe) .
(iii) if w < 0, then
®(€) = —v/—wtanh(v/—w)
®(&) = —v/—wcoth(v/—w¢g) .
Substituting Eq. (8) and its necessary derivatives into
Eq. (6) gives a polynomial in ®(§) with P(®(£)) = 0.
Collecting coeflicients of the obtained polynomials and
subsequently setting each one to zero, we will get a set
of over-determined algebraic equations for ag, ay, b, (n =
1,2,...,N), and f with the aid of symbolic computation
using Mathematica. Finally, solving the algebraic equa-

tions and the above possible solutions of differential equa-
tion into Eq. (7), we obtain the solution of Eq. (4).

1
£ )

3 Application

3.1 The (2+1)-Dimensional Quantum Zakharov-
Kuznetsov Equation

We consider the (2 + 1)-dimensional quantum Zak-
harov-Kuznetsov (QZK) equation of the form

U + puau® + q(Usza + Uyyy) + 7(Usyy + Uaey) =0, (9)

where u = u(z,y,t), p, ¢, and r are real-valued constants.
Employing the wave transformation,

u(z,y,t) =U(E), E=ax+by—dt,
Eq. (9) becomes an ordinary differential equation:
—dU’ + ap(U?) + (qa® + gb® +rab® + ra*b)U" =0, (10)
integrating the above equation once with respect to &, get
—dU + apU? + (qa® + ¢b® + rab® + ra®b)U” =0, (11)
and we assume the constant of integration zero. Now,

balancing U? and U” by homogeneous balancing, we get
N = 2. Thus, Eq. (9) has a solution of the form to

b b
o) 2%’

U(&) = ao + a1®(&) + a2®*(§) + (12)

all the coefficients of same powers of ®(¢) and thereafter
setting them to zero, we get the algebraic equations below:
6a3qw2b2 + 6b3qw2b2 + 6a%brw?bs
+ 6ab’rw?by + apb% =0,
2a3quw?by + 2b3quw?by + 2a2brw?b,
+ 2ab*rw?by + 2apb1by =0,
apb? — dbs + 8a>quwby + 8b3quwby + 8abrwbs
+ 8ab®rwby + 2apagbs = 0,
—db; + 2a3qwb1 + 2b3qwb1 + 2a%brwby + 2abrwb,
+ 2apagb; + 2apabs = 0,
—dag + apag + 2a3qw2a2 + 2b3qw2a2 + 2a%brw?as
+ 2ab%rw?as + 2apai1by + 2a3qb2 + 2b3qb2
+ 2a2brby + 2ab®rby + 2apashs =0,
—da; + 2a3qwa1 + 2b?’qwa1 + 2a’brwaq + 2ab*rwa,
+ 2apaga; + 2apasb; =0,
apa% — das + 8a’qwas + 8b3quwas + 8abrwas
+ 8ab®rwas + 2apagas =0,
2a3qa1 + 2b3qa1 + 2a’bra; + 2ab*ra; + 2apaias =0,
6a3qa2 + 6b3qa2 + 6a%bras + 6ab’ras + apa% =0,
Solving the above system via Mathematica software, we

get the following:

Case 1
6(a + b)(a?q — abq + b*q + abr)w

apg = — )
ap

ar =az=b =0,
_ 6(a +b)(a*q — abg + b*q + abr)w®
ap
d = —4(a + b)(a®q — abq + b*q + abr)w .
Case 2

by =

" 2(a + b)(a%q — abq + bq + abr)w
0= — )
ap

ap=ay=b =0,

_6(at+b) (a*q — abq + b?q + abr)w?

b2: )
ap
d = 4(a +b)(a*q — abg + b*q + abr)w .
Case 3
ay = 76(a+b)(a2q_ abq + b2q + abr)w R—
ap
3 3 2 2

6L2:_6(a q+b°q+a“br +ab r)’ by = by =0,

ap
d = —4(a+b)(a®q — abq + b*q + abr)w .
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Case 4 _6(a3q + b%q + a*br + ab*r)w tan? (v/w€)
o 2(a + b)(a’q — abq + b%q + abr)w 0 =0 ap
0 ap coa= _6lat+d)(alg—abg + gt abriw o o
_ 6(aPq + bPq + aPbr + ab®r) b — b — 0 ap
@2 == ap TR ¢ =ax + by — 16(a + b)(a®q — abg + b*q + abr)wt .  (16)
d = 4(a+b)(a*q — abg + b*q + abr)w . Solution 4
Case 5 ue(,9,1) = 4(a + b)(aq — abg + b*q + abr)w
" 12(a + b)(aq — abg + b*q + abr)w w0 oLt = ap
0= — ) 1=Y,
ap 6(aq + b3q + a®br + ab?r)w =,
— t
6(aq + b3q + a®br + ab?r) b =0 ap an”(vwe)
a2 = — ) 1 =Y,
ap 6(a + b)(a?q — abq + b%*q + abr)w
— t
b 6(a + b)(a’q — abg + b%q + abr)w? ap cot*(Vw§)
2 = ’
ap ¢ = ax + by + 16(a + b)(a®q — abq + b*q + abr)wt .  (17)
- 2. 2
d = —16(a +b)(a°q — abg + b"g + abrjuw. Similarly, for w < 0 we get the following solutions:
Case 6 Solution 5
4 3 b3 2b b2 2 2
dy = (a®qw + b°quw + a*brw + a Tw), a1 =0, u7($7y7t):_6(a+b)(aq abq + b*q + abr)w
ap ap
o — 6(a®q + b2q + a®br + ab®r) b — 0 N 6(a + b)(a?q — abq + b*>q + abr)w
2 — = ) 1—VY, ,
ap aptanh? (v/—wé)
__6(a+b)(a®q — abg + b*q + abr)w? 6(a + b)(a?q — abg + b*q + abr)w
by = — 5 ug(z,y,t) = —
ap ) ) ap
d = 16(a + b)(a’q — abq + b*q + abr)w . 6(a + b)(a?q — abq + b*>q + abr)w
+ .
Thus, we get the following solutions for w > 0: ap coth2(\/—w§)
Solution 1 € = ax + by — 4(a + b)(a®q — abg + b*q + abr)wt.  (18)
6(a + b)(a?q — abq + b*>q + abr)w
ur(z,y,t) = — ap Solution 6
2. _ 2
6t b)(a%q — abg + 2q + abr)w o,y 1) = — 2(a +b)(a*q — abg + b*q + abr)w
ap tan’ (/g | .
6 b —abg+b b
6(a + b)(a*q — abq + b*q + abr)w + (a+b)(a%q c;q—i— q—l—ar)w’
uz(w,y,t) = — ap ap tanh”(y/—w§)
2. _ 2
B 6(a+b)(a2qfabq+62q+abr)w U10($,y,t) :_Q(G—‘y—b)(& qg—abg+b q+abr)w
ap cot? (y/wé) ’ ) ap ;
€ =ax + by — 4(a + b)(a’q — abg + b?q + abr)wt.  (14) 6(a+b)(a q—c;bq—i—b q +abrjw ,
ap coth” (v/—w¢)
Solution 2 B by — 4 D) (a2 T - 19
oo 2(a+b)(a2q—abq+b2q+abr)w §—ax+ Y — (a+ )(aq_CLQ+ Q+ar)w' ( )
uz(z,y,t) = — a Solution 7
p
 6(a+b)(a%q — abg + bq + abr)w s ) — 1200+ B — abq +bq + abryu
ap tan?(\/wé¢) ’ Hi Y ap
2 b (a?qg — ab b2 b 6(acq + b3q + a2br + ab?r)w
wa(ay,t) = — (a +b)(a*q — abq + b*q + abr)w " (a°q q ) tanhz(MQ
ap ap
_ 6(a+b)(a®q — abg + b°q + abr)w 7 +6(a + b)(a%q — abq + b?q + abr)w coth? (V)
ap cot? (y/wé) ap
€ = azx + by — 4(a + b)(aq — abq + b?q + abr)wt.  (15) §=az+by —16(a+ b)(a*q — abq + b*q + abrywt . (20)
Solution 3 Solution 8
12(a + b)(aq — abq + b*q + abr)w 4(a + b)(aq — abq + b*q + abr)w
s (2,9, 1) = — (a + b)(a”q — abg + b°q ) i (1,9, 1) = (a + b)(a”q — abg + b°q )

ap

ap
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+6(a3q +b3q + a®br + ab*r)w
ap
6 b)(a?q — abq + b* b
+ (a+b)la’g qu+ q -+ abrjw coth?®(v/=w¢)
€ = ax + by + 16(a + b)(a®q — abq + b*q + abr)wt .

tanh?(v/—w¢)

(21)

3.2 The (3+1)-Dimensional Quantum Zakharov-
Kuznetsov Equation

We consider the (3 4+ 1)-dimensional quantum Zak-

harov-Kuznetsov (QZK) equation of the form
Uy + pua:UQ + qUzzz + Ty, + SUyyz = 07 (22)

where p, q, r, and s are real-valued constants. Employing
the wave transformation,

u(z,y,z,t) =U(E),

Eq. (22) becomes an ordinary differential equation:
—dU" + ap(U?) + (Eq + a’cr +b%cs)U" =0,  (23)
integrating the above equation once with respect to &, get
—dU + apU? + (c*q + a*er + bPes)U” =0, (24)

and we assume the constant of integration zero. Balanc-
ing U? and U” by homogeneous balancing, we get N = 2.
Thus, Eq. (22) has a solution of the form to

E=axr+ by +cz—dt,

U©) = a0 +ar0(6) + Q) + 3= + grg - (9
where from Eq. (8)
'(E) =w+ B*(E), 2"(€) =20(&)(w + V*(€)). (26)

Then, putting Eq. (25) and its necessary derivatives to-
gether with Eq. (26) into Eq. (24); collecting all the coef-
ficients of same powers of ®(£) and thereafter setting them
to zero, we get the algebraic equations below:

63 quw?bs + 6a2crw?bs + 6b%csw?by + apb% ,
263qw2b1 + 2a%crw?b; + 2b%csw?by + 2apb1bs ,
apb% — dby + 8¢3quwby + 8a’crwby + 8b%cswby + 2apagbs |
—db; + 203qwb1 + 2a%crwby + 2b%cswhy
+ 2apagby + 2apa,bs ,
—dag + apa% + 203qw2a2 + 2a%crw?as + 2b%csw?as
+ 2apa1b; + 203qb2 + 2a’crby + 2b%csby + 2apasgbs ,
—dai + 203qwa1 + 2d%crway + 2b%csway
+ 2apaga; + 2apasby ,
apa% — das 4 8c3quas+ 8a’crwas + 8b%cswas + 2apagas ,
203qa1 + 2a2cra1 + 2b2csa1 + 2apaias ,
Gc?’qag + 6a’cras + 6b%csas + apa% .
Solving the above system via Mathematica software, we

get the following:

Case 7
6c(c?q + a’r + b?s)w
ap = —
0 ap )

a1:a2:b1:0,

by 6c(c?q + a’r + b2s)w?
2 — ap )
d = —dc(Pq+ad*r +b*s)w.
Case 8
2¢(c?q + a®r + b%s)w
apg = — )
ap
ap =az=>b; =0,
by 6c(c2q + a’r + b?s)w?
2 — ap )
d = 4c(c*q + a’r + b*s)w.
Case 9
6e(c2 2. 2
= — c(c*q+ a®r + s)w’ 0 =0,
ap
6e(c2 2. p2
Gy — — c(c*q+ a*r+ s)7 b= by =0,
ap
d = —dc(q+ a’r + b?s)w.
Case 10
2¢(c?q + a®r + b2s)w
ap = — ;a1 =0,
ap
6e(c? 2, 4 p2
a4y = c(c?q+ a’r + s)7 b= by =0,
ap
d = 4c(Pq + a*r + b*s)w.
Case 11
12¢(c?q + a’r + b%s)w
ap = — ;a1 =0,
ap
6e(c? 2, 4 p2
a4y — c(c?q+ a’r + s)7 b =0,
ap
by 6c(c2q + a’r + b?s)w?
2 — ap )
d = —16¢(c*q + a*r + b?s)w .
Case 12
de( 2 2. 1 p2
0y = c(c*q + a®r + s)w7 P
ap
6e(c? 2, 42
0y — — c(cfq+a’r+ s), b =0,
ap
by — 6c(c?q + a’r + b2s)w?
2 — ap )

d = 16¢(c*q + a*r + b*s)w.
Therefore, we get the following solutions for w > 0
Solution 9
6c(c?q + a’r + b2s)w
ap
6c(c?q + a*r + b2s)w
— p”
6c(c?q + a’r + b2s)w
ap
6c(c?q + a®r + b2s)w
— p”

ul(xvya'Z?t) = -

cot? (Vwe) ,

u?(xvyvzvt) = -

tan®(vwé) ,
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€ =ax + by + cz — de(cPq + a*r + b2 s)wt . (27)
Solution 10
2¢(c2 2, 2
US(l.ayVZ?t):* C(Cq+ar+ S)w
ap
2 2, 2
_ be(cfg+a’r + s)wcotz(@€)7
ap
2¢(c2 2, 42
U4($,y,z,t):* C(C qrart S)w
ap
2 2, 42
_ be(cfg+a’r + s)wtaHQ(ﬁg),
ap
€ = ax + by + cz + 4e(Pq + a*r + b2 s)wt . (28)
Solution 11
12¢(c2q + a2r + b?
s (2, 7, 1) = — c(c?q+ a*r + b%s)w
ap
2 2 2
_ be(cPg+a*r+b S)wtan2(ﬂ§)
ap
6e(c? 2, 4 b2
_ be(cig+a’r+ S)wcotQ(\/ﬁf),
ap
€ = ax + by + cz — 16¢(c*q + a®r + b*s)wt . (29)
Solution 12
Ae( 2 2, 4 p2
we(z,y, 5. 1) = c(c?q+ a*r + b%s)w
ap
2 2 2
_ be(cPg+ar+b S)wtaUQ(\/Eg)
ap
6elc? 2, 4 b2
_ be(cPg +atr + S)wcotz(\/ﬁf),
ap
€ = ar + by + cz + 16¢(c*q + a®r + b?s)wt . (30)

Also, we get the following solutions for w < 0.
Solution 13

6c(c?q + a’r + b?s)w
ap

n 6c(c?q + a’r + b2 s)w
ap

6c(c?q + a’r + b?s)w
ap

6e(c? 2, 2
+ e(clq+art bs)w tanh? (v/—w¢)
ap

€ =ax + by + cz — 4e(Pq + a®r + b2 s)wt .
Solution 1

U7(Iay» Zat) = -

coth®(vV=w¢)

US(xayVZat) ==

(31)

2¢(c?q + a’r + b2s)w
ap
n 6c(c?q + a’r + b2s)w
ap
2¢(c?q + a*r + b2s)w
ap
n 6c(c?q + a’r + b2s)w
ap
€ = ax + by + cz + 4e(cPq + aPr + b2 s)wt .

u9(x7yazat) =

coth? (v/—w¢),

u10($7yaz7t) = -

tanh?(v/—w¢) ,
(32)

Solution 15

B 12¢(c?q + a®r + b%s)w
ap

. 6c(c?q + a’r + b?s)w
ap

. 6c(c?q + a’r + b?s)w
ap

€ = ax + by + cz — 16¢(c*q + a®r + b%s)wt .

Solution 16

ull(xvya'z?t) =

tanh? (v/—w¢)

coth? (vV—w¢),
(33)

de(cq + a’r + b2 s)w
ap
N 6c(c?q + a’r + b?s)w
ap
n 6c(c?q + a’r + b?s)w
ap
¢ = ax + by + cz + 16¢(c*q + a®r + b?s)wt .

ur2(z,y, 2,t) =

tanh? (v/—w¢)

coth? (v/—w¢),
(34)

3.3 The (3+1)-Dimensional Modified Quantum
Zakharov-Kuznetsov Equation

We consider the (3+1)-dimensional modified quantum
Zakharov-Kuznetsov (QZK) equation of the form

(35)

where p, ¢, r, and s are real-valued constants. Employing
the wave transformation

u(z,y,z,t) =U), &=ax+by+cz—dt,

Eq. (35) becomes an ordinary differential equation:
—dU' + ap(U?) + (*q + a*er + b%es)U” =0,  (36)
integrating the above equation once with respect to &, get
—dU + apU? + (Eq + a*cr +b*cs)U" =0, (37)

and we assume the constant of integration zero. Balancing
U3 and U” in the above equation by homogeneous balanc-
ing, we get N = 1. Thus, Eq. (37) has a solution of the
form to

3
Ut + PUgU” + qUzzz + TUggz + SUyyz = 0,

by
(¢)
Then, putting Eq. (38) and its necessary derivatives to-
gether with Eq. (26) into Eq. (37); collecting all the coef-
ficients of same powers of ®(£) and thereafter setting them
to zero, we get the algebraic equations below:

203qw2b1 + 2a’crw?b; + 2b%csw?by + apb:{’ =0,

U(€) =ap+a19(§) +

(38)

3apagh? =0, 3apaga’ =0,

— dby + 2¢3quby + 2a2crwby + 2b%cswby
+ 3apaiby + 3apa,b? = 0,

—dag + apag + 6apagaiby =0,

2¢3qay + 2a%cra; + 2b%csay + apa:f =0,

—dai + 2c3qwa1 + 2a%crway + 2b%cswa
+ 3apa3a1 + 3apatb; = 0.

Solving the above system via Mathematica software, we

get the following:
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Case 13 Also, we get the following solutions for w < 0.
ﬂ\/—c(CQQ + a2r + b2s) Solution 19
ap =0, a=7F )
\Jap ( _— V2y/=c(c2q + a2r + b2s)
U9 10\, Y, 2, =
by =0, d=2c(cq+d*r+b*s)w. \/ap
Case 14 X v/—w tanh(v/—w¢) ,
2cy/c? 2 2 V2y/—c(c2q + a®r + b2s
0/0:@1207 blziFlﬁ Cq+ar+bsw, U11,12($79a37t):i \/ ( )
J/ap v ap
d = 2c(c’q+ a*r + b?s)w. x v/ —weoth (vV—w¢),
Therefore, we get the following solutions for w > 0. § = ax + by + cz + 2¢(Pq + a’r + b s)wt . (41)
Solution 17 Solution 20
V2y/—c(c2q + a?r + b2s /2 2 b)
U1,2(177y72'at)::|: \/ ( ) U1214($,y,27t)::‘:i\/% Cq+ar+bs
\/ap , /ap
X /w tan(vwé) , x v/—wcoth (v/—w¢),
V2y/—c(c?q + a®r + b2s) V2e\/c2q + a?r + b%s
uz a(2,y, 2,t) = £ uis16(2, Y, 2,t) = *i
\Vap ’ vap
X \/EC(Q)‘G(\/ITJQE) - x v/—w tanh(v/—w¢)
E=ax+by+cz+2c(cq+a’r+ b s)wt. (39) € = az + by + 2 + 2¢(Pq + 2 + b2s)wt. (42)
Solution 18
s 6(z, 9, 2, ) = Fi V2ey/c2q + a%r + b2s 4 Graphical Representations of the Solutions
5 sy Yy < -
' \Vap In this section, we give some 2-dimensional and 3-
) g
x vwcot (vwé), dimensional graphical representations of some solutions
t different time levels. Figures 1-2 give the solitary plots
V2er/c2 2 b2 a g g y
urs(z,y, 2, t) = i V2ey/Eq + ar + bR for the (2+1) QZK equation in Eq. (9); Figures 3-4 give
v ap the solitary plots for the (34+1) QZK equation in Eq. (22)
x Vwtan (Vwé) while Figs. 5-6 give the solitary plots for the (3+1) mod-
€ =ax + by + cz + 2¢(cPq + a*r + b2 s)wt . (40) = ified QZK equation in Eq. (35).

x103

u(z,y,t)

u(z,y,t)

Fig. 2 Exact solutions for the (2+1) QZK equation in Eq. (9) at ¢t = 20.
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u (x7 y7 ’27 t)

u (x7 y7 Z? t)

200

100

u (x7 y7 Z? t)

u (x7 y7 Z? t)

Fig. 5 Exact solutions for the (3+1) modified QZK equation in Eq. (35) at ¢ = 10.

x103

15
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Fig. 6 Exact solutions for the (3+1) modified QZK equation in Eq. (35) at ¢ = 20.
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5 Conclusion

In conclusion, we have engaged the modified ex-
tended tanh-expansion method to construct various
exact soliton solutions for the two-dimensional quan-
tum Zakharov-Kuznetsov equation, three-dimensional
quantum Zakharov-Kuznetsov equations, and three-
dimensional modified quantum Zakharov-Kuznetsov
equation. Various trigonometric and hyperbolic func-

tion solutions including the dark soliton solution, singular
soliton solution, combined dark-singular soliton solution,
and many others were obtained by the method and vali-
dated using the Mathematica software. These new soliton
solutions obtained will help greatly in studying the phys-
ical aspects of the considered problems. Thus, the used
method is promising and can be applied to several prob-
lems in this regards.
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