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Testing Photons Coupled to Weyl Tensor with Gravitational Time Advancement*
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Abstract Classical Solar System tests of photons coupled to Weyl tensor with two polarizations were studied in a
recent work. A coupling strength parameter « in this model was firstly obtained as |a| < 4 X 10'* m? by using available
datasets in the Solar System. In this paper, a new test called by gravitational time advancement is proposed and
investigated to test such the coupling. This new test, which is quite different from Shapiro time delay, depends strongly
on round-trip proper time span (not coordinate time one) of flight of radio pulses between an observer on the Earth and
a distant spacecraft. For ranging a spacecraft getting far away from the Sun, two special cases (the superior/inferior
conjunctions) are used to analyse the observability in the advancement contributed by the Weyl coupling. We found that
the situation of the inferior conjunction is more suitable for detecting the advancement caused by such the Weyl coupling.
In either case, two kinds of polarizations make the advancement in the model smaller or larger than the one of general
relativity. Although the observability in the advancement could be out of the reach of already existing technology, the
implement of planetary laser ranging and optical clocks might provide us more insights on such the Weyl coupling in the

near future.
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1 Introduction

In relativistic gravity, light signals propagated through
the curved spacetime provide lots of primary information
about the background’s properties, the celestial objects,
the gravitational fields, cosmic structures, gravitational
theories, even tiny influence beyond the standard Einstein-
Maxwell theory. In view of these unique features, it is clear
that the signals for the interaction between the gravita-
tional and electromagnetic fields will be directly imprinted
on the light propagation.

In order to fully understand the fundamental interac-
tion between the gravitational and electromagnetic fields,
plenty of ideas about how a photon couples to a curved
spacetime have been proposed.'~1% Among them, there
is one kind of coupling through the Weyl tensor. The cou-
pling between the electromagnetic field and the Weyl ten-
sor can be characterized by the coupling parameter o and
has two polarizations: PPM and PPL.1"~12 This Weyl
coupling was extensively studied in holographic conduc-
tivity and superconductors,[':13=15 and the black hole’s
electrodynamics.'6=19 Since the Weyl tensor denotes the
gravitational distortion, photons coupled to Weyl tensor
provides us with an opportunity to test the interaction be-
tween the gravitational and electromagnetic fields by light
propagation under the strong gravitational field and the
weak gravitational field.

In the strong gravitational field, the effects of pho-
tons coupled to the Weyl tensor on strong deflection grav-
itational lensing'>2% have been investigated. A more
complicated strong deflection gravitational lensing has
been considered in this model under a Kerr black hole
spacetime.l2! Given the fact that there does not exist the
high-resolution direct imaging on the vicinity of a black
hole (e.g., Sgr A*) up to now, these works!'220=21] could
not give the bound on the couping imposed by the strong
gravitational field. However, testing photons coupled to
the Weyl tensor in the weak gravitational field, especially
in the Solar System, is a totally different situation due to
tracking and ranging data between terrestrial stations and
spacecrafts in deep space with the high-accuracy. Since
the Weyl coupling has only an impact upon the light sig-
nals, its influences on the light deflection, the time delay
and the Cassini tracking experiment have been studied
attentively in Ref. [22]. With considering these available
datasets in the Solar System, the coupling strength pa-
rameter o was firstly obtained as |a| < 4 x 101 m2.[22
In addition, weak deflection gravitational lensing for pho-
tons coupled to Weyl tensor has been also considered in a
Schwarzschild black hole.[?]

However, in the foreseeable future, the observations on
effects in the region of the strong gravitational field can
not give much tighter bound on the Weyl coupling. In
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the region of the strong gravitational field, if the diameter
of photon shpere on the supermassive black hole at the
Galactic center measured by the Event Horizon Telescope
is within the one predicted according to the general rela-
tivity by 1 micro-arcsecond (uas), it yields the bound on
the coupling: |a| S 0.12RZ, aq =~ 2.03x 10" m?,[12]
where we use Mgg, o+ ~ 4.4 x 10°M¢,. It is shown that
the bound imposed by the Solar System tests is still much
tighter than the bound in the supermassive system (if the
data in the region of the strong gravitational field exist)
by at least 8 orders of magnitude. It provides compelling
evidence for testing the photons coupled to Weyl tensor
in the Solar System.

In this paper, a novel Solar System test of such the
coupling is proposed and studied by measuring a two-way
proper time interval, which is called by the gravitational
time advancement. This new test, which is quite differ-
ent from Shapiro time delay, depends strongly on round-
trip proper time span (not coordinate time one) of flight
of radio pulses between an observer on the Earth and
a distant spacecraft.
gravitational time advancement might improve the statis-
tics on the bounds of the parameters and could be effec-
tively complementary to the Shapiro time delay (see In-
troduction of Ref. [28] for details). Recently, this new test
was proposed and investigated in general relativity?4 and
might be able to detect dark matter and dark energy.!%]
The gravitational time advancement is a way to veto a
semiclassical limit of a theory of quantum gravity (grav-
ity’s rainbow).?¢! This new type Solar System test was
also proposed and considered under a brane world?”) and
adopted for probing the quadratic f(T') gravity.!

In this work, this new Solar System test of such a cou-
pling based on gravitational time advancement will be pro-
posed and investigated. And the possible observables of
the advancement will also be discussed. The paper is or-
ganized as follows: In the next Section, we present the
advancement under the Weyl coupling. In Sec. 3, observ-
ability of this advancement of photons coupled to the Weyl
tensor is exhibited and analyzed. At last, Sec. 4 presents
conclusions.

As an independent measurement,

2 Gravitational Time Advancement

If a spacecraft is more distant to a body and an ob-
server is closer to the body, then measuring a two-way
proper time interval (not the coordinate time interval)
of the observer for the light ray could find the gravita-
tional time advancement.l?*=28 It implies that the light
ray takes a shorter (not longer) time than the one under
Newton’s theory owing to the existence of a body’s grav-
itational field, which is quite different from the Shapiro
time delay.[?) The gravitational time advancement of pho-
tons coupled to Weyl tensor under the Sun’ gravitational
field will be derived in this section.

2.1 Metric

The action of photons coupled to Weyl tensor is given
by!!3]

o et
—4aCPIFF, )| (1)

where G = ¢ = 1. Cyp+s is Weyl tensor, which describes
a type of gravitational distortion in the curved spacetime.
Fog = Ap.o — Anp is the electromagnetic tensor. The
photons coupled to the Weyl tensor can be characterized
by the coupling parameter «.

Variation of the action (1) with respect to A* yields

(Fag — AC™¥P Fy5) 0 = 0. (2)

When we consider geometric optics approximation,!!! we
obtain

Faﬂ = fag exp(i@) 5 (3)

where 6 is a rapidly varying variable and f,s is a slowly
varying one. By using the Bianchi identity of F,g and
letting ko = 0.4, fop reads!!]
faB = kiaag - kgaa 5 (4)
where a,, is the polarization vector and k,a® = 0.
Substituting Egs. (3) and (4) into Eq. (2), it
yields/t1—12]
kok® 4 8aC* Lk ksa, = 0. (5)
Considering a static and spherically symmetric metric for
light propagation
1
772
where dQ? = d6#? + sin®0d¢>.
tetrad and the bivectors are respectively
1
el = (\/f,—,r,rsinﬁ), (7)
¢ vV
Ugg = ege% - e%eb (8)

-

ds? = —f(r)?dt* + dr? +r2d0?, (6)

And the orthonormal

Based on Ref. [1], we introduce three independent vectors
as follows
lg =kUYs, ng=k"Ud;, ms=k"U, (9)
where I, ng, and mg are orthogonal to kg.
Furthermore, with the static and spherically symmet-
ric metric and above relationships, the modified light cone

condition is/t1—12]

(900k Kk’ + 911k k") +C (r)* (gaok*k* + g33k°K*) = 0, (10)
where C(r)? relies on polarization of the photon. Consid-
ering the polarization is along the direction of g (which
means PPL polarization), it yields

_ 3 + 16aM

) = 5 ganr (1)
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and the polarization is along the direction of mg (which

means PPM polarization), it yields

r3 — 8aM

3+ 16aM
A light ray does not follow null geodesics of the met-

ric under photons coupled to Weyl tensor we consider.

However, the light follows null geodesics of the following

C(r)? = (12)

effective metric given by Refs. [11-12]
1

fr)?

where we restore the velocity of light and the constant of

ds? = —f(r)*c?dt* + dr? + C(r)*r?dQ?,

(13)

gravitation to the metric (13) and

., . 2GM
f(’l") =1 027' ) (14)
GM _
C(T)2 =1 -+ 24604% —+ O(C 4) y (15)

where we deal with C(r)? in the form of a Taylor expan-
sion on 1/c. And the negative or positive sign of € in
Eq. (15) represents two polarizations based on Egs. (11)
and (12):

—1 for PPM,
€= (16)
+1 for PPL.
When a = 0, the metric (13) will then reduce to

the Schwarzschild spacetime in general relativity. The
coupling strength parameter o was firstly obtained as
|a| < 4 x 10' m? by physical experiments in the Solar
System,?? including the deflection of light, the gravita-
tional time delay, and the Cassini tracking experiment.

From Eq. (13), we obtain the motion of a photon in
the spacetime

o0 () ()

row (32

where A is the affine parameter. With 6 = 7/2, we obtain

(17)

two following conserved quantities:

E= f(r)2%7 L= C’(r)2r2% .
Using Eq. (17), E and L, the expression between r and ¢
is obtained as
cdt 1 1 1
O izw[
which leads to
fr)?

1 /71 1 11
tr.d) = E/d b T - Clr)r
1 r27d2+G7M T;d
c c3 r+d

+2GCM ln(r+m)

3 d
GM |r—d 5
—+ 1260[% T+d(d+2'f') + O(C ),

(18)

1 f)?

—1/2
b2 C(T)QTQ]

dr

}71/2

in which b = L/FE and is derived from 0 = dr/d¢ at the
closest approach d.

Additionally, we adopt r4 and rp are the radial dis-
tances of a spacecraft and an observer to the Sun respec-
tively. Two special configurations are considered in this
work, where r4 > rp > d (see Fig. 1). One case is the
superior conjunction, which occurs when the observer and
the spacecraft lie in a line on the opposite side of the Sun
(see Fig. 1(a)). Another one is the inferior conjunction,
which occurs when the observer and the spacecraft lie in
a line on the same side of the Sun (see Fig. 1(b)).

Spacecraft i
P Sun d

T4 h B

(b)

> Spacecraft

e mmmmmmmmmmmm—mmmme o

Fig. 1 Two special configurations of the distant space-
craft at point A, the Sun and the observer (at point B)
on the Earth. (a) The superior conjunction case; (b) The
inferior conjunction case.

2.2 Superior Conjunction Case
From Eq. (20) plus 74 > rp > d, the coordinate time
interval of the light ray emitting from the observer to the
distant spacecraft and returning to this observer yields
At = 2t(ra, d) + 2t(rp,d)

—g(r +T)_Félcv’M_ZCv‘M(d d)
=2 B 3

A \ra ' rp
GM . 4rarp G GM
+4 3 In i + 96¢ex B2 24eq Bdra
M ? d&?
~94ea EM 0(0—57 < —2) : (21)
cAdrp e TS
within the precision O(c™5,d?/r%,d?/r%). Equation (21)

will return to the result given by Ref. [22] within the pre-
cision O(¢™,d/ra,d/rg). When a = 0, Eq. (21) will be
identical with the time delay of the general relativity in
the first post-Newtonian (1PN) order of the superior con-
junction case.[9) It is worth emphasizing that the above
time delay we consider belongs to 1PN order rather than
to 1.5PN order. The speed of light ¢ appears in the de-
nominator of the time delay in the framework of classical

Newton mechanics (see the first term in Eq. (21)) and the
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terms at 1PN order are generally 1/c? of the Newtonian
term. It results in the time delay expression at 1PN order
is the 1/c® terms, which is quite different from the equa-
tion of motion (EOM) for a two-body system. In the EOM
of a binary pulsar, the 1/¢3 terms belong to 1.5PN order.
In general, there exits differences between Lagrangian and
Hamiltonian approaches at 1.5PN order. These differences
are studied with analytical and numerical methods at the
same post-Newtonian order.!3" Tt is shown that theses dif-
ferences do not affect qualitative and quantitative results
of the two approaches for a weak gravitational system such
as the Solar System.

Then, the two-way proper time span measured by the
observer in this case is

ATYT = (1 _ oM )Atsc

c2rg
2 2GM  2GM / d d
= Zrat+re)+ - T (S )

3 \rqy rp

GM 4T’A7'B GM GM
+ 4073 ln d2 + 9660( C3d2 — 2460[ c3d7"A
2Uear GM 2G M TA
— Ueq—— _ 4
cdrp 3 rp
. d? 4P
+0(c 5,2 ﬁ) (22)
A B

Under general relativity (o = 0), the last term of Eq. (22)
gives rise to the gravitational time advancement.?4 The
key is that the radial distance of the spacecraft to the Sun
must be adequately bigger than the radial distance of the
observer to the Sun. From Eq. (22), it is found that two
polarizations (PPM and PPL) have different effects on the
advancement in this case. The coupling of PPM can make
the advancement larger than the one of GR, but the case
of PPL is opposite.

2.3 Inferior Conjunction Case

For this case, the coordinate time interval of the light
ray emitting from the observer to the reflector of the dis-
tant spacecraft and back to this observer is

AT = 2t(r 4, d) — 2t(rp, d)
2 2G d d
—E(’I“A—TB>+ = ( )
GM TA

GM
4——In — + 24dca—4——
+ 3 n - + 24ex Bdrg

B TA

2 72
- 2460&?7]\4 + 0(0_5, d—2, d—2) ,
c3dra 4y Th
within the precision O(c™°,d?/r%,d?/r%). The first term
in Eq. (23) belongs to the Newtonian order. The others
in Eq. (23) belong to 1PN order. Equation (23) will re-
turn to the result given by Ref. [22] within the precision
O(c™5,d/ra,d/rg). Equation (23) matches the one given
by Ref. [32] in 1PN order of GR in this case. And the
two-way proper time interval of the light recorded by the
observer is

Aret = (1 -

(23)

GM
At
CQTB) 1c

2( )+ 2GM 2GM( d d )
= —\T — —_— _— | —
o A "B c3 3 \rg 14
GM . ra GM GM
4——In — + 2deav——— — 24decx——
+ c3 " ra + 6O[c?’cer EO[c3d7“,4
2GM d? d?
- 3 T7A +O(075,72,72) (24)
S rp 4T

It suggests that the advancement at the inferior conjunc-
tion depends on a.

3 Observability in Time Advancement

After deriving the gravitational time advancement
caused by such the coupling, this section will be focused
on its observability and its difference from the delay. In
order to discuss the observability in two special configu-
rations, the value of the coupling parameter « is taken as
|a| =4 x 10! m? based on the result of Ref. [22].

According to Egs. (21) and (22), in the superior con-
junction case, the deviations of the gravitational time de-
lay and advancement from the Euclidean geometric delay
are respectively

St = AtSE — AtSE | v—o (25)
67‘%%T = ATg\éT — ATSVéT|M:0 . (26)

Then, we plot §tirt and d7a5" with two polarizations as a
function of ratio between r4 and rp on the rang from 30
astronomical unit (au) to 100 au (see Fig. 2 for details).
Here we assume the closest approach d is 1.5Rs. From
Fig. 2, it is shown that the delay and the advancement
can reach serval sub-millseconds (~ 107! ms). And the
time delay is positive and the time advancement is nega-
tive. It indicates that the gravitational time advancement
is quite different from the gravitational time delay. The
point is that the radial distance of the spacecraft to the
Sun must be adequately bigger than the radial distance
of the observer to the Sun. A two-way proper time span
recorded by the observer is another key factor.

The gravitational time delay and the advancement of
Einstein’s general relativity at the post-Newtonian order
in the same configuration are

StSet = At | Lo — AL |y (27)
GR _
5TSCR = ATQ%T o0~ ATS\%T|M:O ) (28)

Furthermore, we assume that the observer is on the Earth,
who is conducting a two-way ranging to the spacecraft at
40 au from the Sun. The configuration of the superior
conjunction is quite suitable for detecting the advance-
ment of the coupling owing to the largeness of r4 and the
smallness of d. The estimated observability of the supe-
rior conjunction is outlined in Table 1. It is shown that, in
the superior conjunction, the delay and the advancement
contributed by the Weyl coupling and general relativity
are respectively ~ 315 and ~ —88 micro-second (ps). The
signal of the time delay is larger than the one of the ad-
vancement. For the polarization of PPM, it is found that
the advancement caused by the coupling is larger than
the one in the general relativity; and the case of PPL is
opposite.
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Fig. 2 In the same configurations of the superior conjunction, gravitational time delay (positive) St and time
advancement (negative) 57a%T contributed by photons coupled to Weyl tensor with two polarizations as a function of
ratio between r4 and rp. Here we assume that the observer on the Earth is conducting as two-way measurements in the

radio band to range a distant spacecraft. |a| =4 x 10'' m

2[22]

and the closest approach d is 1.5Rg.
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Fig. 3 In the same configurations of the inferior conjunction, gravitational time delay (positive) dt;¢

WT

and time ad-

vancement (negative) o™ contributed by photons coupled to Weyl tensor with two polarizations as a function of ratio
between r4 and rg. Here we assume that the observer on the Earth is conducting as two-way measurements in the radio
band to range a distant spacecraft with |a| = 4 x 10* m?2? and the closest approach d is 1.5Re.
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Table 1 Estimation of observability on the delay and the advancement caused by the coupling in the
superior conjunction case, where rg =1 au, r4 =40 au, d = 1.5Rs and |a| =4 x 10 m?.22

Delay Model stdT StSH (5tdF — 6tSE) / AL¥LT
(Coordinate time span) (ps) (ps)

PPL (e =+1) 315.235 472 637 315.235 299 156 4.239 668 688 x 10715

PPM (e=—1) 315.235 125 676 ibid. —4.239 668 688 x 10~ 1°

Advancement Model STIET SrSH (67T — 6758 JATYET
(Proper time span) (us) (ps)

PPL (e =+1) —88.534 664 089  —88.534 837 569 4.239 668 730 x 10715

PPM (e=-—1) —88.535 011 050 ibid. —4.239 668 730 x 107 1°

Table 2 Estimation of observability on the delay and the advancement caused by the coupling in the
inferior conjunction case, where rp = 1 au, ra = 40 au, d = 1.5Rs and |a| = 4 x 10! m?.[22]

Delay Model StyT SR (66WET — 5tGR) /AT
(Coordinate time span) (ps) (pus)

PPL (e = +1) 72.723 563 026 72.723 562 731 7.581 773 356 x 10~ 1°

PPM (e =-1) 72.723 562 436 ibid. —7.581 773 356 x 1015

Advancement Model ST STGR (6T — 6y ATNT
(Proper time span) (ps) (ps)

PPL (e=+1) —311.350 469 469 —311.350 469 764 7.581 773 431 x 10715

PPM (e=—1) —311.350 470 059 ibid. —7.581 773 431 x 10713

In the inferior conjunction case, from Egs. (23) and | ment. The time resolutions are all about 10~'°. Cur-

(24), the deviations of the gravitational time delay and
advancement from the Euclidean geometric delay are

St = ARET — AR [ ar—o, (29)
57’1\8}T = ATIV(\;]T — ATIVgT|M=0 . (30)

Then, we plot §}%" and dmp* with two polarizations as
a function of ratio between r4 and rp (see Fig. 3 for de-
tails). From Fig. 3, it is shown that the advancement can
reach serval sub-millseconds (~ 107! ms), which is about
10 times larger than the results of the delay.

The gravitational time delay and the advancement of
Einstein’s general relativity at the post-Newtonian order
in the inferior conjunction configuration are

St = AT om0 — AT =0, (31)
(STI%R = ATI\gT|a:0 — ATI%/T|M:0 . (32)

The estimated observability of this case is outlined in Ta-
ble 2. It is shown that, in the inferior conjunction, the
delay and the advancement contributed by the Weyl cou-
pling and general relativity are respectively ~ 72 and
~ —311 micro-second (pus). The signal of the time ad-
vancement is larger than the one of the delay. Thus, the
inferior conjunction is more fit for detecting the gravity
than the superior conjunction.

The last columns in Table 1 and Table 2 denote the
resolution of time measurement, which could tell the Weyl
coupling from general relativity in the delay and advance-

rently, the accuracy and stability of laser-cooled atomic
clocks have achieved at about 107!% ~ 1076 level. Al-
though these effects of the coupling on the advancement
at two cases seem to be marginally within the current ca-
pability of atomic clock, the combination of the noises of
the radio link and the uncertainty and instability of the
clock can make a definite detection unreachable. Now,
optical clocks on the ground have achieved the accuracy
and stability at the 1078 level and beyond.[*3=3% In the
near future, the implement of planetary laser ranging and
optical clocks might provide us more insights on such a
Weyl coupling.

4 Conclusions and Discussion

In this work, a new test of testing photons coupled
to the Weyl tensor in the Solar System, which is called
as the time advancement, is proposed and studied. If an
observer records a two-way proper time interval (not co-
ordinate time interval) of a light ray, the advancement
appears as a natural result of the gravitation in the space-
time when the light ray passes through a weaker field and
the observer is in the stronger gravitational field. This is
quite different from the Shapiro time delay and the differ-
ence between the delay and the advancement can be found
from Fig. 2 and Fig. 3.

Taking ranging a spacecraft far from the Earth into
account, we discuss the observability of such the coupling
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with two polarizations on the advancement under two spe-
cial configurations: the superior conjunction and the infe-
rior conjunction. The observability on the time advance-
ment and its difference from the delay under two special
configurations are analyzed and estimated by adopting the
distant spacecraft at 40 au from the Sun (see Table 1 and
Table 2). We found that the situation of the inferior con-
junction is more suitable for detecting the advancement

caused by such the Weyl coupling. In either case, two
kinds of polarizations make the advancement in the model
smaller or larger than the one of general relativity. It is
marginally within the current capability of technology, but
a clean detection is still unreachable. It is looking forward
to testing photons coupled to the Weyl tensor by using op-

tical clocks and the planetary laser ranging in the future.
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