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A Possible Modification of Einstein’s Theory of General Relativity

QIAN Shang-Wu

Physics Department, Peking University, Beijing 100871, China

(Received May 28, 2003)

Abstract This article suggests a new metric theory of gravitation, in which metric field is determined not only by
matter and nongravitational field but also by vector graviton field, and in principle there is no need to introduce the
Einstein’s tensor. In order to satisfy automatically the geodesic postulate, an additional coordinate condition is needed.
For the spherically symmetric static field, it leads us to quite different conclusions from those of Einstein’s general
relativity in the interior region of the surface of infinite redshift. Accurate to the first order of GM/r, it obtains the
same results about the four experimental tests of general relativity.
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1 Introduction
In general relativity (GR), the Einstein’s field equation

is known as

Gµν = Rµν −
1
2
gµνR = −8πGTµν , (1)

where Rµν is the Ricci tensor, R is the curvature scalar,
gµν is the metric tensor, Tµν is the energy-momentum ten-
sor of matter (not including the gravitational field), the
energy-momentum of the gravitational field is included
implicitly on the left-hand side of this equation, and the
Einstein’s tensor Gµν is introduced in order to satisfy au-
tomatically the geodesic postulate

Tµν
;ν = 0 . (2)

The right-hand side (RHS) of Eq. (1) does not include
explicitly the energy momentum of gravitational field,
whereas the left-hand side (LHS) of Eq. (1) is not just
Rµν but an artificially introduced quantity Gµν , which is
somehow unnatural and man-made.

For the spherically symmetric static field, in GR we
have the famous Schwarzschild solution

ds2 =
(
1− 2GM

r

)
dt2 − dr2

(1− 2GM/r)

− r2dθ2 − r2 sin2 θdφ2 . (3)

The Schwarzschild solution develops a “singularity” as
r → 2GM , and rs = 2GM is called the Schwarzschild
radius of the mass M . The surface r = rs is a surface
of infinite redshift (SIR) (relative to r = ∞). It is easily
seen that when r < rs, t from a timelike coordinate be-
comes a spacelike coordinate, whereas r from a spacelike
coordinate becomes a timelike coordinate. It is quite an
unsatisfactory and unnatural result.

Because of the above considerations, this paper sug-
gests a possible modification of Einstein’s field equation
(1) and its consequences (3) to overcome these unnatural

and man-made results. We want to modify Eq. (1) such
that its RHS includes explicitly the energy-momentum of
gravitational field, i.e. the vector graviton field, whereas
the LHS only contains the Ricci tensor Rµν . In effect,
the suggested modification is also a metric theory of grav-
itation, the metric field gµν plays the same role for grav-
itational field as that in the Einstein’s theory of general
relativity, and the vector graviton field here only plays the
same role as that of matter and other fields, i.e. generat-
ing the metric field gµν . After the suggested modification,
the LHS of the new field equation is just the Ricci ten-
sor Rµν , whereas the RHS includes explicitly the energy-
momentum of the vector graviton field. In order to ensure
Eq. (2) we only need to add a coordinate condition. The
modified metric theory of gravitation has been verified
that it satisfies all the criteria for the viability of a theory:
self-consistency, completeness, and agreement with past
experiments. Actually, it is a new kind of metric theory,
which suggests that there exists a vector graviton field
Hµν . This field Hµν should act together with the matter
and other fields to generate the metric field gµν , which
plays the same role for gravitational field as that in the
Einstein’s theory of general relativity. It should be empha-
sized that the field Hµν does not directly influence the mo-
tion of a particle in the vector graviton field, but only acts
together with the matter and other fields to generate the
metric field gµν , and that just the metric field gµν directly
influences the motion of a particle in the vector graviton
field. This modification may be called as the vector gravi-
ton metric theory (VGM), which we have found predicts
almost the same results as Einstein’s theory about the
four famous experimental tests of general relativity: light
deflection, time-delay in radar propagation, gravitational
redshift, and perihelion procession of planets. But it gives
a quite different and reasonable result in the neighborhood
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of the surface of infinite redshift and some other interest-
ing and reasonable results. In Sec. 2 this paper will give
the explicit expression of the energy-momentum tensor of
the vector graviton field. In Sec. 3 this paper will give the
modified field equation in VGM and the additional coor-
dinate condition to ensure the geodesic postulate Eq. (2).
In Sec. 4 this paper derives the external solution for the
spherical symmetric static mass, which is slightly differ-
ent from the Schwarzschild solution. In Sec. 5 this paper
discusses the four experimental tests of general relativity.
In the last section this paper discusses the behavior of rod
and clock in the neighborhood of the surface of infinite
redshift, and shows that t is always a timelike coordinate
whereas r is always a spacelike coordinate in this case.

2 Graviton Field Tensor and Graviton
Energy-Momentum Tensor
Schwartz[1] has proved that Maxwell’s equations could

be derived from the Coulomb’s law and the requirement
of Lorentz invariance. Since Newton’s gravitation law and
Coulomb’s law are completely similar in their form, hence
we recognize that there exists a vector graviton field de-
scribed by an antisymmetric tensor Hµν . For an observer
in the flat space

Hµν =


0 Fx Fy Fz

−Fx 0 Ωz −Ωy

−Fy −Ωz 0 Ωx

−Fz Ωy −Ωx 0

 , (4)

where (Fx, Fy, Fz) is the ordinary gravitational field
strength, (Ωx,Ωy,Ωz) is the gravitational vortex strength
introduced by Carstoiu.[2] In flat space, Hµν satisfies
Maxwell-like equations

Hµν
,ν = −4πGkµ , {Hµν,λ} = 0 , (5)

where kµ is the four-dimensional mass current density vec-
tor, G is the gravitation constant, speed of light c is taken
as 1, and {} designates antisymmetrized sum over all per-
mutations of the indices µ, ν, λ. It has to be emphasized
that Hµν is not the metric field gµν which is equivalent to
the gravitational field. Hµν plays the same role as other
matters, which only influences metric field, not directly
determines the motion of a particle, whereas under the
action of metric field, particle moves along a geodesic line
in the Riemannian space.

For photon field, energy-momentum tensor is[3]

Tµν
(em) = Fµ

α Fαν +
1
4
gµνFαβFαβ , (6)

where Fµν is the electromagnetic field tensor. The vector
graviton field of a body is similar to the electromagnetic
field of a negative charge, and its energy-momentum ten-
sor can be analogously written as

Tµν
(gr) =

1
4πG

(
Hµ

αHαν +
1
4
gµνHαβHαβ

)
. (7)

Its covariant divergence obeys

Tµν
(gr);ν = −Hµ

αkα . (8)

When kα = 0, we have Tµν
(gr);ν = 0. In curved space, Hµν

satisfies

Hµν
;ν = −4πGkµ , {Hµν,λ} = 0 . (9)

3 Field Equations in VGM
In our new metric theory of gravitation VGM, Tµν

(gr)

plays the same role as Tµν , hence in RHS of Einstein’s
field equations we use Tµν +Tµν(gr) to replace Tµν , fur-
thermore in LHS of Eq. (1) we use Rµν to replace the
man-made quantity Gµν , finally we suggest the following
field equations

Rµν = −8πG(Tµν + Tµν(gr)) . (10)

In order to satisfy Eq. (2), from Eqs. (9), (10), and the
Bianchi identity

Gµν
;ν = 0 , (11)

we obtain(1
2
gµνR

)
;ν

= −8πGTµν
(gr);ν = 8πGHµ

αkα . (12)

Equation (12) can be considered as an additional condition
imposed on gµν , which plays a similar role as the coordi-
nate condition. In summary, the field equation of VGM
is Eq. (10), where Tµν

(gr) is given by Eq. (7), and there is
an additional equation imposed on the metric tensor gµν ,
which is Eq. (12). Equation (2) is automatically satisfied
by using the additional coordinate condition Eq. (12).

For metric field in the vacuum, Tµν = 0, from Eq. (10)
we have

Rµν = −8πGTµν(gr) . (13)

Considering that in the vacuum kα = 0, from Eqs. (8)
and (13) we get Rµν

;ν = 0, then from Eq. (11) we have
R;ν = R,ν = 0. Hence R = const. The simplest choice for
R is R = 0, hence in the vacuum there exist only vector
graviton field and the required metric field. The constant
curvature scalar R is taken to be zero and there is no dif-
ference between Gµν and Rµν for the vacuum field, thence
equation (13) can be written as

Gµν = Rµν = −8πGTµν(gr) . (14)

The coordinate condition Eq. (12) is automatically satis-
fied in this case. As to equation of motion of a particle in
the gravitational field, from Eq. (2) we get the geodesic
equation

d2xµ

dτ2
+ Γµ

νλ

dxν

dτ

dxλ

dτ
= 0 , (15)

where Γµ
νλ are Christoffel symbols and dτ is proper time

interval.
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4 External Solution for the Spherical Symmetric Static Mass
Considering the static character and the spherical symmetry of the external field, the space-time interval can be

written as[4]

ds2 = eN(r)dt2 − eL(r)dr2 − r2dθ2 − r2 sin2 θdφ2 . (16)

Similar to the argument in Sec. 13.1 of Ref. [3] for the field of a charged mass point, from Eqs. (4) and (5) we obtain
the nonzero component of Hµν ,

H10 = −H01 =
GM

r2
exp

[1
2
(N + L)

]
, (17)

thence from Eq. (7) we find

Tµν(gr) =
1

8πG

(GM

r

)2


eN(r) 0 0 0

0 − eL(r) 0 0
0 0 r2 0
0 0 0 r2 sin2 θ

 . (18)

Solving Eq. (14) we finally obtain

ds2 =
(
1− GM

r

)2

dt2 − dr2

(1−GM/r)2

− r2dθ2 − r2 sin2 θdφ2 . (19)

5 Four Experimental Tests of General
Relativity
Comparing Eq. (19) with the Schwarzschild line ele-

ment, we readily find that to the precision of the first or-
der of GM/r, two expressions are completely coincident.
Hence, for two experimental tests: light deflection and the
time-delay in radar propagation, we get the same results
as GR. As to gravitational redshift, from Eq. (19) we get

ν2

ν1
=

1−GM/r1

1−GM/r2
, (20)

whereas Schwarzchild’s metric gives(ν2

ν1

)
Sch

=

√
1− 2GM/r1

1− 2GM/r2
. (21)

For weak field equations (20) and (21) give almost the
same results, which in the strong field region they should
give apparently different results, i.e. the surface of infi-
nite redshift (SIR) is different for two theories. For VGM,
it situates at r = rc = GM , while for GR it situates
at r = rs = 2GM = 2rc. In consideration of peri-
helion procession of Mercury, since it needs to consider
the terms involved (GM/r)2, there is apparent difference
between VGM and GR: for GR the value is 43”.03/cen-
tury, while for VGM the value is 35”.86/century. The
recent observed value is 41”.4/century (it needs further
observation), which is not only due to relativistic gravity
but also due to solar oblateness[5] and anomalous perihe-
lion shifts[6] (it needs further consideration). The reason-
able perihelion shifts due to relativistic gravity is perhaps
around 39”/century, between the value predicted by VGM
and the value predicted by GR. From the perihelion shifts

itself, we cannot say at this time which theory is better,
GR or VGM.

6 Neighborhood of SIR
Firstly we consider the proper time interval dτ , for

VGM a clock placed (at rest) near SIR (r = rc = GM)
shows a proper time

dτ2 =
(
1− GM

r

)2

dt2 . (22)

Hence the clock runs slower and slower when it approaches
SIR, dτ tends to zero as r → rc, i.e. the clock runs in-
finitely slow compared to a clock at infinity, when the
clock crosses SIR it runs faster and faster when r becomes
smaller and smaller. For GR

(dτ2)Sch =
(
1− 2GM

r

)
dt2 . (23)

When r < rs = 2GM, the RHS of Eq. (23) is negative,
and equation (23) is not usable, for t becomes spacelike co-
ordinate, so it is very unnatural, whereas in VGM t keeps
timelike coordinate when r < rc.

Secondly we consider space interval dl. From Ref. [7]
we know

dl2 =
(g0αg0β

g00
− gαβ

)
dxαdxβ , (24)

where the repeated appeared Greek letters mean summa-
tion from 1 to 3. From Eq. (19) we get

dl2 =
dr2

(1−GM/r)2
+ r2dθ2 + r2 sin2 θdφ2 . (25)

For a rod placed along the radial direction,

dl2 =
dr2

(1−GM/r)2
, (26)

hence the rod contracts shorter and shorter when it ap-
proaches SIR, and dl tends to zero as r → rc, i.e. the rod
contracts infinitely short compared to a rod at infinity.
When the rod crosses SIR it elongates longer and longer
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when r becomes smaller and smaller. For GR

(dl2)Sch =
dr2

(1− 2GM/r)
. (27)

When r < rs = 2GM , the RHS of Eq. (27) is negative,
and equation (27) is not usable, for r becomes timelike
coordinate, and it is very unnatural, whereas in VGM r

keeps spacelike coordinate when r < rc.
From Eq. (19), we readily know that the radial speed

of the light signal is( dr

dt

)
light

=
(
1− rc

r

)2

, (28)

when r → rc it tends to zero, hence SIR is the surface
at which radial speed of light equals zero. In the interior
region of SIR, (dr/dt)light increases as r decreases, when
r = rc/2, it increases to 1, when r further decreases, it will
be greater than 1, i.e. in the region of strong gravitational
field the speed of light can surpass c, the speed of light in
the vacuum.

It is very important that in Eq. (19) when r < rc,
g00 = (1 − rc/r)2 is still positive, g11 = −(1 − rc/r)−2

is still negative, g00 and g11 do not change their sign,
hence t is always a timelike coordinate, and r is always a
spacelike coordinate. They do not change their roles when
they cross SIR. Whereas in GR, they do change their roles
when they cross SIR r = rs. In GR, when r > rs, future
light cone directs towards the direction of increasing t, but
when r < rs future light cone directs abruptly towards the
direction of decreasing r (r becomes timelike coordinate).
In the interior region of SIR r = rs, anybody can only
move in the direction of decreasing r, the reverse direc-
tion is impossible, and SIR acts as a one-way membrane.
In VGM, future light cone always directs towards the di-
rection of increasing t, and SIR never acts as a one-way
membrane.

Thus it can be seen that when the radius of the spher-
ical mass is less than rc = GM , in the neighborhood of
rc, the results of VGM is quite different from those of GR.
There is no one-way membrane, t is always a timelike co-
ordinate whereas r is always a spacelike coordinate, i.e.
the conclusions from VGM are quite different from those
of Schwarzchild black hole.
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