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Abstract A set of generalized symmetries with arbitrary functions of t for the Konopelchenko–Dubrovsky (KD)
equation in 2+1 space dimensions is given by using a direct method called formal function series method presented by
Lou. These symmetries constitute an infinite-dimensional generalized w∞ algebra.
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1 Introduction

How to get the infinitely many symmetries for an inte-
grable nonlinear system is becoming a very important sub-
ject. In (1+1)-dimensional case, one of the effective meth-
ods is to use strong symmetry (recursion operator).[1−6]

We can get some sets of infinitely many symmetries by us-
ing strong symmetry to some seed symmetries. However,
it is usually quite difficult to get symmetries for (2+1)-
dimensional nonlinear models. In Ref. [7] ∼ [11], Lou had
presented an effective method, formal series symmetry ap-
proach, to get symmetries of (2+1)-dimensional integrable
models. For example, a set of generalized symmetries of
the Kadomtsev–Petviashvili (KP) equation

utx = (6uux − uxxx)x − 3uyy (1)

can be expressed as the following formula:

σn(f) =
1

2n!3n+1

n+1∑
k=0

f (n+1−k)(K ′
2 − ∂t)kyn ,

(n = 0, 1, 2, . . .) , (2)

where f is an arbitrary function of t, f (k) = ∂kf/∂tk, and
the linearized operator K ′

2 reads

K ′
2 = −∂3

x + 6∂xu− 3∂−1
x ∂2

y . (3)

The generalized Lie algebra constituted by these symme-
tries is as follows:

[σn(f1)−σm(f2)] =
1
3
σn+m−2((m+1)ḟ1f2− (n+1)ḟ2f1) ,

(4)
where f1 and f2 are arbitrary functions of t, ḟ = ∂f/∂t,
and the Lie product [ , ] is defined by

[A,B] =
∂

∂ε
[A(u + εB)−B(u + εA)]ε=0

= A′B −B′A . (5)
The Konopelchenko–Dubrovsky (KD) equation

ut − uxxx − 6βuux +
3α2u2ux

2
− 3wy + 3αuxw = 0 ,

wx = uy (6)
is one of the important (2+1)-dimensional integrable
models. Obviously, it is a generalization of other two
well-known (2+1)-dimensional integrable models, the KP
equation (α = 0) and the modified KP (mKP) equation
(β = 0), and many of its interesting properties have been
given by many authors. However, in our knowledge, it is
not known whether the generalized w∞-type symmetries
exist, similar to its special cases, the KP and mKP mod-
els. Section 2 of this paper is devoted to obtaining the
infinitely many symmetries of the KD equation by means
of the formal series approach. Section 3 is a short sum-
mary and discussion.

2 Symmetries with Arbitrary Functions of t
and Related w∞ Algebra

Substituting the transformation
u → u + εp, w → w + εq , (7)

where ε is an infinitesimal parameter, into Eq. (6) yields
its linearized form

pt − pxxx − 6βuxp− 6βupx + 3α2uuxp +
3
2
α2u2px

− 3qy + 3αwpx + 3αuxq = 0 , (8)

qx = py , (9)
and we say that

σ =
(

p

q

)
(10)
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is a symmetry of Eq. (6). In other words, a solution of
the linearized system (8) and (9) is a symmetry of the KD
equation. As for the other (2+1)-dimensional models, like
KP and Toda systems,[7,10] we can look for the symmetries
of Eq. (6) having the form

p(f) =
n∑

k=0

f (n−k)p[k] ,

q(f) =
n+1∑
k=0

f (n+1−k)q[k] , (11)

where f is an arbitrary function of t, f (k) = ∂kf/∂tk, and
p[k] and q[k] are functions of x, y, u, w and their derivatives
but not time-dependent explicitly. Substituting Eq. (11)
into Eqs. (9) and (10) yields

n∑
k=0

f (n+1−k)p[k] +
n∑

k=0

f (n−k)pt[k]−
n∑

k=0

f (n−k)pxxx[k]− 6βux

n∑
k=0

f (n−k)p[k]

− 6βu
n∑

k=0

f (n−k)px[k] + 3α2uux

n∑
k=0

f (n−k)p[k] +
3
2
α2u2

n∑
k=0

f (n−k)px[k]

− 3
n+1∑
k=0

f (n+1−k)qy[k] + 3αw
n∑

k=0

f (n−k)px[k] + 3αux

n+1∑
k=0

f (n+1−k)q[k] = 0 , (12)

n+1∑
k=0

f (n+1−k)qx[k] =
n∑

k=0

f (n−k)py[k] .

Equation (12) should be true at any order of time-derivative of f because of its arbitrariness. That means the equation

p[k] + pt[k − 1]− pxxx[k − 1]− 6βuxp[k − 1]− 6βupx[k − 1] + 3α2uuxp[k − 1]

+ 3
2α2u2px[k − 1]− 3qy[k] + 3αwpx[k − 1] + 3αuxq[k] = 0 , (13)

qx[k] = py[k − 1]

should be satisfied. The generalized solutions of Eq. (13) read

p[0]− 3qy[0] + 3αuxq[0] = 0,

qx[0] = 0 ,
⇒

q[0] = g(y),
p[0] = 3g′(y)− 3αuxg(y), k = 0 ;

(14)

p[k] = (−∂t + ∂3
x + 6β∂xu− 3

2α2∂xu2 + 3∂−1
x ∂2

y − 3αw∂x − 3αux∂−1
x ∂y)p[k − 1] ,

q[k] = ∂−1
x ∂yp[k − 1], k ≥ 1 ; (15)

pt[n]− pxxx[n]− 6βuxp[n]− 6βupx[n] + 3α2uuxp[n] + 3
2α2u2px[n]− 3qy[n + 1]

+ 3αwpx[n] + 3αuxq[n + 1] = 0 ,

qx[n + 1] = py[n], k = n + 1 . (16)

So, from Eqs. (14) ∼ (16), we can get p[k], (k = 0 . . . n) and q[k], (k = 0 . . . n + 1). The only thing left is to determine
the function g(y). In fact, we know from Eqs. (10) and (15) that p[n] and q[n + 1] are time-independent symmetries of
Eq. (6). Therefore, we can determine g(y) if we substitute p[n] and q[n + 1] (they are expressions about the unknown
function g(y)).

Here we first select g(y) as −1/6α, −y/18α, −y2/108α, −y3/972α when n = 0, 1, 2, 3. Accordingly, we can have
the following four sets of symmetries of Eq. (6):

σ0(f) =

 f
ux

2

− ḟ

6α
+ f

wx

2

 , (17)

σ1(f) =

 ḟ
(
− 1

6α
+

uxy

6

)
+ fwx

− f̈

18α
+ ḟ

(wxy

6
+

u

6
− β

3α2

)
+ fwy

 , (18)

σ2(f) =

 f̈
(
− y

18α
+

uxy2

36

)
+ ḟ

(yuy

3
+

u

6
+

xux

6
− β

3α2

)
+ f

ut

2
∂3f

∂t3

( −y2

108α

)
+ f̈

( −x

18α
+

yu

9
+

y2uy

18
− βy

9α2

)
+ ḟ

(w

3
+

ywy

3
+

xwx

6
− 2β2

3α3

)
+ f

wt

2

 , (19)



No. 3 Infinitely Many Symmetries of Konopelchenko–Dubrovsky Equation 387

σ3(f) =



∂3f

∂t3

(
− y2

108α
+

y3ux

324

)
+ f̈

(
− x

18α
+

yu

18
+

y2uy

18
+

xyux

18
− βy

9α2

)
+ ḟ

(w

2
+

ywy

2

+
xwx

3
+ βyuux +

yuxxx

6
+

αu2

12
− βu

3α
− αwyux

2
− 2βywx

3α
+

2βyuy

3α
− α2yu2ux

4

−2β2

3α3

)
+ f

(
−2α2u2wx − 2α2ux

∫
wxudx− 4αwwx + 2α

∫
w2

xdx

−2αux

∫
wydx− 2α

∫
wyuxdx + 8βuwx + 4βuxw + 2

∫
wyydx + 2wxxx

)
∂4f

∂t4

( −y3

972α

)
+

∂3f

∂t3

(−xy

54α
+

y2u

108
+

y3uy

324
− βy2

54α2

)
+ f̈

(yw

9
+

y2wy

18
+

xywx

18
+

xu

18
− βx

9α2

−2β2y

9α3

)
+ ḟ

(2
∫

wydx

3
+

y
∫

wyydx

2
− βw

3α
+ βyuwx +

βu2

2
− α2yu2wx

4
− α2u3

12

+
xwy

3
+

uxx

6
+

αwu

6
−

2α
∫

wuxdx

3
−

αy
∫

wyuxdx

2
− 4β3

3α4
+

ywxxx

6
−

αy
∫

wxxwdx

2

)
+f
(
−2α2u2wy + 2α2u

∫
uxwydx− 2α2

∫
uwxdxwx + 6α

∫∫
wxwxydxdx

+2α
∫∫

uwxyydxdx− 4αwwy − 2α
∫

wydxwx − 4β
∫

wyuxdx + 8βuwy

−2α2uwwx + 2
∫∫

wyyydxdx + 2wxxy − 4β
∫

wwxxdx− 2αu
∫

wyydx

+8βwwx + 2α2u
∫

wwxxdx
)



.

(20)

And the time-independent symmetries are

K0 =

( ux

2
wx

2

)
, (21)

K1 =
(

wx

wy

)
, (22)

K2 =
1
2

(
ut

wt

)
=

 uxxx

2
+ 3βuux −

3α2u2ux

4
+

3wy

2
− 3αuxw

2
3
∫

wyydx

2
+ 3βuwx −

3
4
αwwx +

3α
∫

w2
xdx

2
−

3α
∫

uxwydx

2
+

wxxx

2

 , (23)

K3 =



−2α2u2wx − 2α2ux

∫
wxudx− 4αwwx + 2α

∫
w2

xdx− 2αux

∫
wydx−

2α
∫

wyuxdx + 8βuwx + 4βuxw + 2
∫

wyydx + 2wxxx

−2α2u2wy + 2α2u
∫

uxwydx− 2α2
∫

uwxdxwx + 6α
∫∫

wxwxydxdx+
2α
∫∫

uwxyydxdx− 4αwwy − 2α
∫

wydxwx − 4β
∫

wyuxdx + 8βuwy−
2α2uwwx + 2

∫∫
wyyydxdx + 2wxxy − 4β

∫
wwxxdx− 2αu

∫
wyydx

+8βwwx + 2α2u
∫

wwxxdx


. (24)

In σ3(f), if we take f = t, we can get σ3(t) = t

(
p[3]
q[4]

)
+ M . And we can find that

M =


w

2
+

ywy

2
+

xwx

3
+ βyuux +

yuxxx

6
+

αu2

12
− βu

3α
− αwyux

2
− 2βywx

3α
+

2βyuy

3α
− α2yu2ux

4
− 2β2

3α3

2
∫

wydx

3
+

y
∫

wyydx

2
− βw

3α
+ βyuwx +

βu2

2
− α2yu2wx

4
− α2u3

12
+

xwy

3
+

uxx

6

+
αwu

6
−

2α
∫

wuxdx

3
−

αy
∫

wyuxdx

2
− 4β3

3α4
+

ywxxx

6
−

αy
∫

wxxwdx

2

 (25)

is a master symmetry of the KD equation. According to the approach presented in Refs. [1] and [12], we can use the
master symmetry M and the seed symmetry K0 to yield

K1 = −6[M,K0] , K2 = −3[M,K1] , K3 = −2[M,K2] , · · · Kn = − 6
n!

[M,Kn−1], n = 1, 2, . . .

Replacing M with σ3(f1), we can get

σn(f) = − 6
n!

[σ3(f1),Kn−1] , ḟ1 = f, n = 1, 2, 3, . . . (26)

In Eq. (26), we have defined ∂−1
x C = Cx + h(y, t).

In terms of the method presented in Ref. [7], we can determine the function g(y) in a comparatively simple way. If
we set the dimension of x, β as [L], then according to Eq. (6), we can know each dimension of y, t, u, w. They are
[L]2, [L]3, [L]−3, [L]−4. From Eqs. (16) ∼ (19) and (25) we can find q0(f)/f , q1(f)/f , q2(f)/f , q3(f)/f, . . . , qn(f)/f have
the dimensions [L]−3, [L]−4, [L]−5, [L]−6, . . . , [L]−n−3. So it can be known that g(y)f (n+1)/f has dimension [L]−n−3.
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That is to say, the dimension of g(y) is [L]2n. Therefore we can know the form of g(y)

g(y) =
−yn

2n!3n+1α
, n = 0, 1, 2, 3, . . . (27)

Finally, the generalized symmetries of KD equation can be written as the following formula:

σn(f) =



n∑
k=0

f (n−k)(−∂t + ∂3
x + 6βux + 6βu∂x − 3α2uux −

3
2
α2u2∂x

+3∂−1
x ∂2

y − 3αw∂x − 3αux∂−1
x ∂y)k nyn−1 − α2uxyn

2n!3nα

n+1∑
k=0

f (n+1−k)
[
(∂−1

x ∂y)(−∂t + ∂3
x + 6βux + 6βu∂x − 3α2uux

−3
2
α2u2∂x + 3∂−1

x ∂2
y − 3αw∂x − 3αux∂−1

x ∂y)k
]nyn−1 − α2uxyn

2n!3nα


, n = 0, 1, 2, 3, . . . (28)

In order to remove the otiose parts, we change the form
of δn(f) as follows:

σn(f) = σ′n(f) +
2β

α
σn−1(f) , n = 0, 1, 2, 3, . . .

Finishing all detailed calculations, we discuss the al-
gebra of the generalized symmetries. By calculating in
detail, we can find all generalized symmetries constitute a
closed infinite-dimensional Lie algebra:

[σn(f1), σm(f2)] =
−1
6

σm+n−2[(m+1)ḟ1f2− (n+1)f1ḟ2] ,

m, n = 0, 1, 2, 3, . . . ,

σ−1(f) = 0, σ−2(f) = 0 . (29)
We can find that it is isomorphic to that of the KP
equation.[7]

3 Summary

In this paper, we have obtained infinitely many sym-
metries with arbitrary functions of t for Konopelchenko–
Dubrovsky equation by using formal series symmetry ap-
proach presented in Refs. [7] ∼ [11]. These symmetries are
shown by the formula (24). And we have also found this
equation’s master symmetry, which is shown by expres-
sion (25). Using the master symmetry and the seed K0,

we can obtain all the time-independent symmetries Kn,
as the standard symmetry method introduced in Refs. [1]
and [12]. Replacing M with σ3(f1), we get expressions
(23). And by using it all the generalized symmetries can
be obtained. As the same method used in KP equation
in Ref. [7], we have fixed the form of function g(y) in a
comparatively simple way instead of substituting p[n] and
q[n+1] into Eq. (13) to determine it by analysis of the di-
mension. After obtaining the generalized symmetries, we
have also calculated the symmetry algebra of the model
and find that it has the generalized w∞-type symmetry
algebra structure, which is similar to its special cases, the
KP and mKP models. The uniform commutation relation
of the algebra is shown by Eq. (29). Because the symme-
try plays such an important role in mathematics, physics,
and many other mathematically-based sciences, its study
is attracting more and more attention, especially for the
(2+1)-dimensional integrable systems. And some other
new effective methods are presented in Refs. [13] ∼ [15].
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