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Abstract A generalized variable-coefficient algebraic method is applied to construct several new families of exact
solutions of physical interest for (3+1)-dimensional Kadomtsev—Petviashvilli (KP) equation. Among them, the Jacobi
elliptic periodic solutions exactly degenerate to the soliton solutions at a certain limit condition. Compared with the
existing tanh method, the extended tanh method, the Jacobi elliptic function method, and the algebraic method, the

proposed method gives new and more general solutions.
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1 Introduction

Many phenomena in physics and other sciences are of-
ten described by nonlinear partial differential equations
(PDEs). When we want to understand the physical mech-
anism of phenomena in nature, described by nonlinear
PDEs, exact solutions for the nonlinear PDEs have to
be explored. Thus the methods for deriving exact solu-
tions for the governing equations have to be developed. To
study exact solutions of nonlinear PDEs has become one
of the most important topics in mathematical physics. In
the past decades, various powerful methods have been pro-
posed, namely the inverse scattering method, Hirota’s bi-
linear method, the Backlund transformation method, the
Darboux transformation method, tanh method, variable
separation approach, and homogeneous balance method.
Among those, the tanh method!! provides a particularly
straightforward and effective algorithm to obtain solu-
tions for a large number of nonlinear PDEs. Based on
the fact that soliton solutions are essentially of a local-
ized nature, one can write the solitary wave solution of
a nonlinear equation as a polynomial of hyperbolic func-
tions and transform it into a nonlinear system of algebraic
equations. In recent years, much research work has been
concentrated on the various extensions and applications of
the tanh method.?=5 Recently Bai presented an effective
extension to the tanh method and developed a new gener-
alized variable-coefficient algebraic method to uniformly
construct a series of exact solutions for many nonlinear
equations.[®

In this paper, we shall extend this method to high-
dimensional nonlinear evolution equations. For illustra-
tion, we apply this method to the (3+1)-dimensional

Kadomtsev—Petviashvilli (KP) equation,
Uyy — Uz =0. (1)

The (3+1)-dimensional KP equation (1) describes the dy-
namics of solitons and nonlinear waves in plasmas and su-

2
Ugt + 6’“@ + 6uuzx — Ugzax —

perfluids. When w is z-independent, equation (1) is com-
pletely integrable and then many kinds of solution can be
obtained by some different approaches like inverse scatter-
ing transformation, bilinear method, etc. Because of the
nonintegrability of Eq. (1), it is difficult to give some exact
solutions of Eq. (1). In Ref. [7], Wang and Lou studied its
special type of exact solutions. Here the proposed method
will give a series of exact solutions.

2 Generalized Variable-Coefficient Algebraic
Method

Let us recall our proposed method, whose main steps
are outlined as follows.[6!

For a given system of nonlinear PDE with indepen-
dent variables © = (zg = t, 21,22, ..

variable u, v,

., Zp) and dependent

P(l‘o = t; T1,T2, ... 7x7lyu7vvuxmvwi7uxixja/U:Ci:cja

(2a)

b 7uwi1$i2”-wiN ) vmilxi2 Z,N) = 0 )
Q(xo = t7 L1, X2y« y Ty, Uy VyUg,y Vg, ua:i:rj B v{L’,;ZL’j 5
ey Uy ey s vmilmiQ.i.miN) =0. (2Db)
In general, the left-hand sides of Egs. (2a) and (2b) are
Our
method for solving Egs. (2) proceeds in the following three
steps.

polynomials in u, v and their various derivatives.

Step 1 We assume that equations (2) have solutions
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of the form a solution of the following first-order nonlinear ordinary
M . . .
, . differential equation (ODE),
u= Ao(z) + Z (Ai(x)P’ + Bi(x)P_z) , (3a) d ( )
i=1
N . ‘ (4)
v=ao(@)+ Y (a;(x)P? +b;(x)P7),  (3b)
j=1

h = +1. Th itive int d th tant
where M and N are integers to be determined by bal- where € © POSLLIVE TLeger 1 an ¢ CONSLAts

ancing the highest order nonlinear terms and the high-
est order partial derivative terms in Egs. (2), P = P(§)
and ¢ = £(z) are all differentiable functions and P(¢) is =~ with respect to the variable P as

¢i (i=0,1,...,n) are to be determined. Then the deriva-
tives with respect to the variable & become the derivatives

d d? ofle~. 1 d &~ ., d?
i g i gt e

Step 2 Substituting Eqgs. (3) into the given PDEs (2) and making use of Eq. (4), collecting all the terms with
the same order of P* and P*y/Y"""  ¢;P? (where i = 0,1,...,n), and setting the coefficients of each order of P* and
Pk\/ZLO ¢; P to zero yields a set of over-determined partial differential equations with respect to the differential
functions A;(x), Bi(z), aj(z), bj(x) (where : =0,1,2,...,M; j=0,1,2,...,N) and {(z).

Step 3 Solving the over-determined partial differential equations obtained in step 2 by using symbolic computation
packages like Maple or Mathematica will lead to the explicit expressions for A;(z), Bi(z), a;(x), bj(x) (where i =
0,1,2,...,M;7=0,1,2,...,N), and &(x) or the constraints among them. We remark here that the exact solutions of
Egs. (2) depend on the explicit solvability of Eq. (4). The solution of the system of algebraic equations will become
tedious with the increase of the values of M, N, and n. In the case when n = 4, equation (4) gives a series of
fundamental solutions such as polynomial, exponential, soliton, rational, triangular periodic, Jacobi and Weierstrass
doubly periodic solutions. We consider only the case n = 4 in this paper and take

P'(&) = e\/co + c1P(§) + caP2(€) + c3P3(€) + caP(€). (5)

By considering the different values of cg, ¢1, ¢2, ¢3, and ¢4,  tanh & and our method reduces to the tanh method.[! In
we find that equation (5) admits a series of fundamental — the case when ¢; = c3 = 0, ¢ = c2/4, and ¢4 = 1, equa-
solutions, which are displayed in the Appendix. tion (5) degenerates to a Riccati equation. In this case our
proposed method becomes the extended tanh method.[?!
If ¢; = ¢35 = 0, the results of Eq. (5) readily cover the
results of the Jacobi function expansion method.[*

Remark 1 The algorithm is more powerful than the tanh
method,™ the extended tanh method,23! the Jacobi func-
tion expansion method,!* and the algebraic method.[®! To
demonstrate this, we argue here that the various previ- [IRemark 2 The proposed method not only gives a uni-
ously introduced methods are included in our more gen- fied formulation to construct a series of exact solutions,
eral solution, i.e. Eq. (3). Let us consider the special cases ~ but also provides a guideline to classify the types of so-
Ai(z) = Ay, aj(x) = aj, Bi(z) = bj(x) =0 (where 4; and  lutions according to the given parameters. Furthermore,

aj are constants and i =0,1,2,...,M; j=0,1,2,...,N) the proposed method is computerizable in solving non-
and linear equations by using symbolic software like Maple or
£(x) = kot + krar + kot + -+ knitn + 0, Mathematica.
where ko, k1, ks, ..., kn, and ¢ are constants. 3 Application to (3+1)-Dimensional KP
Then, our approach reduces to the algebraic method Equation
proposed by Fan.’! Also, for the case ¢; = ¢3 = 0, According to the proposed method, we expand the so-

co = ¢4 = 1, and ¢o = 2, equation (5) has the solution lution of Eq. (1) as

|
M ‘ ‘
u(x,y,z,t) :Ao(fﬂ,y,z,t)+ E (Ai(:v,y,z,t)Pl(f(x,y,z,t))JrBl-(x,y,z,t)Pﬂ(g(x,y,z,t))), (6)
i=1

and P(€) satisfies Eq. (5). Balancing the highest order partial derivative term with the highest order nonlinear terms
in Eq. (1) leads to M = 2 and n = 4, hence we have
Bi(z,y, z,1)

u(m,y7 Z,t) = A0(1'7y, Z7t) + A1($7y, Z’t)P(g(‘%% z,t)) + m
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BQ(xay7Z7t) (7)
P2(§(x,y,2,1))
where AO(gjv Y, =z, t)a Al(xa Y, z, t)v Bl(xv Y,z t)a AQ(x; Y, %, t)v BQ(xv Y, =z, t)v P(f(.%, Y, 2, t))v and 5(393 Y,z t) = p(ya 2, t)lL’+
q(y, z,t) are all differentiable functions and P(&) satisfies the ODE (5).
Substituting Eq. (7) along with Eq. (5) into Eq. (1), then setting the coefficients of each order of P* and

+ As(z,y, 2, ) P2(E(@,y, 2, 1)) +

p* Z?:o ¢;P* (where k = 0,1,...) to zero, we get a set of over-determined partial differential equations with respect
to the unknown functions Ag(z,vy, 2,t), Ai(x,y,2,t), Bi(z,y,2,t), As(z,y, 2,t), Ba(z,y,2,t), ply, z,t), and q(y, 2, 1).
Solving the obtained system leads to the following three cases.

Case 1 ¢c1=c3=0
162y, 2,t) + 4p'cs — par(y, 2,1) + 45 (y, 2, 1)
6 p2 ’
Bi(z,y,2,t) =0, As(x,y,zt) =2cap®, Ba(z,y,2,t) =2cp*, py,zt)=p, (8)
where ¢, ¢2, ¢4, and p are arbitrary constants, and ¢(y, z,t) is an arbitrary function of {y, z,t}.
Case 2 ¢4, =0

Ao(xayvzat): Al(fE,y72,t):0,

1 4o (y, 2, t) + 16cop’cs — 3p'ef + deoqy (y, 2,) — dcopai(y, 2, 1)

A t) =
O(x’ y) Z’ ) 24 pzco )
2((3 4 82 — 4
Av(a,y,zt) = LLATED0O ZA0G) gy = e,
16¢g
Aoy, 2.t) = Lp2(,c§ + 40200)(404200 —3¢2)(c} + 8ces — dcgerea) ’
512 cg(ciea + 2¢3¢0)
By(z,y,2,t) = 2cop®,  p(y,zt) =p, (9)

where ¢y, ¢1, ¢a, ¢3, and p are arbitrary constants, and ¢(y, z,t) is an arbitrary function of {y, z,t}.
Case 8 cg=c1 =0
1 4caqZ(y, 2, t) + 16cap®ca — 3p*c3 + deaqi(y, z,t) — deape(y, 2, )

A t) =
O(xayaza ) 24 p204 9

p2cs(degen — c3)
16¢3 ’
1 p*(—c3 + 4cacq)?(4eacy — 3¢3)
512 cach
where ¢, ¢3, ¢4, and p are arbitrary constants, and ¢(y, z,t) is an arbitrary function of {y, z,t}.
According to Case 1, we obtain the following exact solutions of Eq. (1):

A1(1'7y,2',t) :C3p27 Bl(wvyvzvt) = Ag(m,y,z,t) :204]32»

BQ(x7y7Zat): s p(y,Z,t)zp, (10)

uy(z,y,2,t) = Ao(z,y, 2,t) — chg(x,y,z,t) sech?(y/c2€), co=0, >0, ¢;<0, (11a)
Cq

u2(x7yaz7t) = Ao(xayazat) - 9A2($7y7zat)5602( \% _025)7 Co = 07 co < 07 Cq > Oa (11b)
Ca
c C2 BZ(zvyaz7t)

’l,Lg(l',y,Z,t) :Ao(x,y,z,t) (llc)

2 2
A t) tanh
204 Q(Iayvza ) 11

2¢y
W39 & anet oz
where ¢y < 0, ¢y > 0, ¢g = c2/4cy, E(z,y, 2,t) = pr + q(y, 2, 1), As(x,y,2,t), Ba(w,9,2,t), q(y, 2,t) are determined by
Egs. (8).
¢y Ba(z,y,2,t)

atanz(\/@/%) ’

where c3 > 0, ¢4 > 0, cg = c3/4cy, E(z,y, 2,t) = pr + q(y, 2,t), As(z,y, 2,t), Ba(x,y,2,1), q(y, 2,t) are determined by
Egs. (8).

wa(@,y.2,t) = Ao(@,y, 2,8) + = As(e,y, = Dtan? (|| 2€) + (11d)
4

1
u5(x,y,z,t):Ao(x,y,z,t)+A2(:E,y,z,t)c 52 ) 00:07 02:0; C4 >07 (116)
4
2 2
B com 2( Ca ) ca(2m® —1)  Ba(z,y,2,t)
t)=A t)— —————A t — 11f
Uﬁ(xvyvza ) O(%yaZv ) C4(2m2 — 1) 2(1'7y72:7 )Cn 2m2 _ 15 CQmQ Cn2( /625/2771,2 — 1) ’ ( )
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where co > 0, ¢4 < 0, cg = —c2m?(1 —m?)/ca(@m? —1)2, &(z,y,2,t) = pr + q(y,2,t), Ax(z,y,2,t), q(y,z,1),
Bs(x,y, 2,t) are determined by Eqgs. (8).
2 2
B cam 2( Co ) ca(m® +1) By(z,y,2,1)
ur(xz,y, z,t) = Ag(x,y, 2,t) — ————~As(x,y, z,t)sn — — , (11
e N T b T e Yy e VS R

where co < 0, ¢4 > 0, cg = cZm?/ea(m? +1)2, &(2,y,2,t) = pr + q(y, 2, 1), As(z,y,2,1), q(y, 2,t), Ba(x,y,2,t) are
determined by Eqgs. (8).

2 —m? B t
S T = Az(x,y7z,t)dn2( = 25) _alz-m) 2(z.9,5,1) ;
ca(2 —m?) 2—-m 2 dn?(y/c2/(2 — m2)¢)
where ¢y > 0, ¢4 < 0, ¢g = (1 —m?)/cs(2 —m?)?, &(x,y,2,t) = pr + q(y, 2, 1), As(w,y,2,1), q(y, 2,t), Ba(z,y,2,1)
are determined by Egs. (8).

ug(x,y, z,t) = Ao(x,y, 2,t) — (11h)

Remark 3 The Jacobi periodic solution degenerates to the soliton solution when m — 1. It is well known that
soliton solutions and Jacobi doubly periodic solutions are interesting and of physical relevance. Here we take the
solutions (11a) and (11f) as samples to further analyze their properties and find that when ¢ goes from —oo to +oo,
they asymptotically tend to their limit positions at ¢ = 400 from their limit positions at £ = —oo. The properties are
similar to the asymptotically standing soliton.

Case 2 gives the following solutions:

1¢2+plea+ q§ —pq p*(2c3 — c2)ea 2(\/C2
Y, 2 t) = — - h (7 ) ) 12
o, 7,1) = & ~ )% o2 (V2 g (12a)
where ¢y > 0, &(,y, 2,t) = px + q(y, 2,t), and ¢ = q(y, 2, t) is an arbitrary function of {y, z,t}.
1g2+4ptea+q —pge  p*(2c3 — ca)ca o/ —Ca
yd at == - ( ) 3 12b
w0, 2,0) = o . ) (Vo2 (12b)
where ¢y < 0, &(z,y, 2,t) = px + q(y, 2, t), ¢ = q(y, ,t) is an arbitrary function of {y, z, t}.
12 +q —pge p? 1
ui1(2,y, 2,t) = 6 2 Ta& (12¢)
where £(z,y, 2,t) = pr + q(y, 2,t), ¢ = q(y, 2, t) is an arbitrary function of {y, z,t};
Bl(xay,zat)
ulQ(xa y,Z,t) = Ao(l',y, Z’t) + Al(‘r7y7 Zat)p @5/2392793 +
( ) p(\/ag/27927g3)
B t
Q(xaywza ) (12(1)

+A2(Z,y72,t)p2 \/55/2792793 + 5
( ) 0% (V/3/2, 92, 93)
where Cy = 07 c3 > Oa g2 = _461/635 g3 = _460/037 ﬁ(xay,Z,t) :px+Q(y7Zat)7 AO(xawaat)? Al(.’E,y,Z,t), Bl(x7y727t)a
As(z,y, 2,t), Ba(z,y, 2,t), q(y, 2,t) are determined by Egs. (9);
qu(ywzvt) + qg(yvzvt) _th(y,Z,t) + ﬁ
6 p2 52 ’
2 B ) ) 7t B ) ) 7t
U14($79a37t) = A0($7y7zat) +A1(xayvzﬁt) (_Cio + 615 ) 1(x — 2) 2(:17 B2 ) 2
c1 4 —co/er +1€2/4 (—00/61—1—0152/4)

where Co = 07 C3 = Oa C1 7é 07 A0($, Y, Zat)7 Al(xa y,z,t), Bl(x’ya Zat)v BZ(Iaya Z7t)a q(ya th) are determined by Eqs (9)a

Ulg(l',y,Z,t) = (126)

(12f)

C1 Bl 967:U»Zat
U15($7y7 Z,t) = Ao(.’E, Y, Z7t) + Al(-r7ya Zat) <_262 + exp(s@f)) + 61/2CQ(+ eXp(z?)\/th)
B2(:Z:7y7 Z7t)

C1 2
+ Aa(w,y,2,0) (— 5 + explev/es)) + : (12¢)
2¢a (—c1/2c2 + exp(f\/af))2
where cg = ¢2 /4ca, co > 0, Ag(z,y,2,t), A1(z,y, 2,t), Bi(z,y,2,t), As(x,y, 2,t), Ba(x,9y,2,1), q(y, 2,t) are determined
by Egs. (9).
Finally, Case 3 leads to

casec? (v/=2€/2)
2e\/—cacq tan(y/—c2€/2) + c3

uie(x,y, 2, t) = Ao(x,y, 2,t) — A1(z,y, 2, 1)

2e/=cacn tan(y/=2€/2) + c3 ca sec?(y/—c56/2) ’
— By(z,y, 2,t) ea56c2(\/ =2 /2) + Az(z,y, 2,t) (25\/?204*5%(\/—7@5/2) + 63>
2
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co sech?((/c2€/2)
2e,/ca¢q tanh((/c2€/2) — c3

2e,/ca¢4 tanh(y/c2€/2) — c3 ca sech?(/c2€/2) ?
cg sech?(/c2€/2) 2e,/ca¢4 tanh(y/c2€/2) — c3
2e,/ca¢q tanh(y/c26/2) — c3 2
Ba(z,y, 2,1 : >0, 13b
+ Ba(z,y, 2,t) ( Co sechz(\/gf/Q) C2 ( )
where 5(1”, Y, =, t) =pz + q(yv 2, t) The function AO('T7 Y, z, t)v Al(xa Y, z, t)v By (I7 Y, 2, t)a A2($7 Y, =, t)a BQ(Iv Y,z t)a
and ¢(y, z,t) are given in Case 3, Eq. (10).

urr(x,y, 2, t) = Ao(x,y, 2,t) — A1 (2,9, 2, 1)

- Bl(x?yvzat)

+ Az(l‘»%zat) (

4 Conclusion

In summary, a generalized variable-coefficient algebraic method with computerized symbolic computation is devel-
oped to deal with the (3+1)-dimensional KP equation. Then, a rich variety of exact explicit solutions are obtained.
As indicated before, in Remark 1, the proposed algorithm is more general than the tanh method,[!! the extended
tanh method, 3] the Jacobi function expansion method,*) and the algebraic method.l”) Except the equations con-
sidered in this paper, the proposed method also is readily applicable to other high-dimensional nonlinear evolution
equations including (3+1)-dimensional Jimbo-Miwa equation, (3+1)-dimensional breaking soliton equation, (3+41)-
dimensional Nizhnik—Novikov—Veselov equation, and (3+1)-dimensional potential-Yu—Toda—Sasa—Fukuyama equation,
etc. We omit their solutions here.

Appendix
Table 1 A series of fundamental solutions of Eq. (5).
o o ca cs s P
0 0 >0 0 <0 e\/—ca/casech(/c2 €)
2 /dey 0 <0 0 >0 ey/—c2/2¢4 tanh (y/—c2/2¢€)
0 0 <0 0 >0 ey/—ca/ecasec(v=cz€)
2/4cy 0 >0 0 >0 ey/c2/2¢4 tan(y/c2/2¢)
0 0 0 0 >0 —¢/\/at
—2m2(1 — m2)/es(2m? — 1)2 0 >0 0 <0 ey/—cam?/ca(2m? — 1) en(/c2/(2m2 — 1)¢)
(1 —m?2)/ca(2 — m?)? 0 >0 0 <0 ey/—ca/ca(2 —m?)dn(y/c2/(2 — m2)¢)
2m2 [eq(m? + 1)2 0 <0 0 >0 ey/—cam?/ea(m? + 1) sn(y/—ca/(m? + 1)¢)
0 0 >0 £0 0 —(c2/cs) sech? (\/e2¢/2)
0 0 <0 £0 0 —(ca/c3) sec? (y/=c2€/2)
0 0 0 £0 0 1/c3€?
£0 £0 0 >0 0 0 (V/e38/2,92,93)
0 0 <0 —casec? (/=26 /2) /2e/=caca tan (V=c26/2) + c3
0 0 >0 —cosech? ((/c2€/2) /2¢\/eaca tanh (\/22€/2) — c3
>0 0 0 0 0 £\/0¢
£0 0 0 0 —co/c1 + c1€7/4
2 /dcs >0 0 0 —c1/2co + exp(e\/ag)
0 <0 0 0 —c1/2¢a + ec sin(y/—¢2€) /2¢2
0 >0 0 0 —c1/2¢2 + e/ —¢3 sinh(2,/2€) /2¢2
Note that go = —4c¢y1/cs and g3 = —4cg/c3 are called invariants of the Weierstrass elliptic functions, m is the

modulus of the Jacobi elliptic functions; the more detailed notations for the Weierstrass and Jacobi elliptic functions
can be found in Ref. [8].
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