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Abstract We study the quantum standard teleportation based on the generic measurement bases. It is shown that
the quantum standard teleportation does not depend on the explicit expression of the measurement bases. We have given
the correspondence relation between the measurement performed by Alice and the unitary transformation performed by
Bob. We also prove that the single particle unknown states and the two-particle unknown cat-like states can be exactly
transmitted by means of the generic measurement bases and the correspondence unitary transformations.
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1 Introduction

Quantum teleportation protocols, which make use of a
classical communication channel and the quantum entan-
glement pairs, play an important role in quantum infor-
mation processing. The standard teleportation protocoll!]
can be described as follows. An unknown quantum
state is disassembled into purely classical information and
purely nonclassical Einstein—Podolsky—Rosen (EPR) cor-
relations. The sender traditionally named “Alice” and the
receiver “Bob”, which are spatially separated, prearrange
the sharing of an EPR-correlated pair of particles. Then
Alice makes a joint measurement on her EPR particle and
the unknown quantum state system, and sends Bob the
classical result of this measurement by the classical chan-
nel. Knowing this, Bob can convert the state of his EPR
particle into an exact replica of the unknown state which
Alice destroyed by applying a unitary local transformation
suggested by Alice.

Because of the importance of quantum teleporta-
tion in quantum information theory,?=9 it has attracted
much attention of both theorists!!°=12 and experimen-

(13-16] Qince the first quantum teleportation pro-

talists.
tocol was proposed by Bennett et al. in 1993, quantum
teleportation protocols have been generalized by many
authors.'7=19 These generalizations were mainly made
in the following directions. (i) Generalizing the two-
dimensional quantum states to d-dimensional states (i.e.
generalizing qubits to qudits); (ii) Generalizing the single

particle unknown states to multi-particle unknown states;

[Wo) = ) @ o) =

V2

1
—=(a|000) + b|100) + a|011) + b|111)).

(iii) Generalizing the joint von-Neumann measurement to
positive operator valued measurement (POVM);[6’20’21’23]
(iv) Generalizing the maximally entangled quantum chan-
nel to partially entangled quantum one.[22!

The core issue of the standard teleportation is the en-
tanglement source shared by the communication parties
and the joint measurement performed by Alice on the un-
known state and her particles. So far all the joint mea-
surements on the composite system of the unknown state
and Alice’s particles of the quantum teleportation for the
generalization cases mentioned above are based on the Bell
bases. In fact, this condition is not necessary. One can
complete teleportation by means of a generic measure-
ment bases. In this paper, we want to generalize Bell
measurement bases into a generic one and consider the
teleportation of single particle and two particles unknown

state under the generic measurement bases.

2 Teleportation of a Single Particle Unknown

State

Before we discuss the generalized teleportation case,
we first review the original work of teleportation.[!l In
Ref. [1], Bennett et al. discussed the teleportation of an
unknown qubit state. In their teleportation scheme, which
Alice and Bob share a Bell state |p) = (1/4/2)(|00)+|11)),
Alice wants to teleport the unknown state |o) = a|0)+b|1)
with |a|? + |b]> = 1. The composite system, which con-
sists of the unknown particle (particle 1), Alice’s particle
(particle 2), and Bob’s particle (particle 3), is expressed
as

(1)
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Alice first makes a controlled-NOT (G12) operation on the particles 1 and 2 with the particle 1 as the controlled qubit
and the particle 2 as the target qubit, and then makes a Hadamard gate (H-matrix) operation on the particle 1 again.
The total quantum system becomes

W) = (H®101)(Grz ® 1)|a) @ |¢) = %[\00> ® oola) +[10) @ o3]a) +[01) ® o1|a) + [11) @ (—ioz)[a)].  (2)

where 09, 01, 02, and o3 are the identity matrix 1 and the Pauli matrices o,, 0y, and o, respectively. If Alice measures
the first two qubits based on the measurement bases {|00),|01),]10),|11)}, Bob’s particle state will project onto one
of the four, i.e. ogla), o1|a), o2]a), and os|a), each with the probability of 1/4. Now Bob can transform his particle
state into the original unknown state by means of acting the identity matrix oy and the Pauli matrices o1, 09,03 on
his particle state. Because each measurement can give the desired results with probability p = 1/4, we can obtain the
desired unknown state with certainty.

Let U = (H ®1)G15 be the unitary operator which acts on the two-qubits state. We define a group of measurement

operators
{Io, 0y, T, T3} = {UF]00) (00U, UT|01)(01|U, UT[11)(11|U, UT[10)(10|U} , (3)
then the above-mentioned procedure can be rewritten in the reduced matrix form as
3
P = Trua (T @ o) [Wo) (Yo (TT, @ o) = [a) (o], (4)
k=0

cle (particle 1) and Alice’s particle (particle 2), o} is the operator which satisfies

where Tr,, is the partial trace over the unknown parti- = where 1 is the d x d identity matrix, and Uy, is any unitary

transpose operation of o, and o} is the complex conjugate { UJtUst =1,
Tr (UL Ugpr) = dsrBpr .

One can check that the generic measurement bases |®g;)

(7)

operation of o;. Here we have counted all possible mea-
surement results by means of the sum operation in above
equation. . o 1. .
. . . . are orthogonal normalized bases of a d*-dimensional
In fact, equation (4) is a special case of teleportation. . . ) . .
. L Hilbert space. It is worth while noting that the uni-
Here, the unitary operator U is limited to the product of
the Hadamard gate and the controlled-NOT gate. We can

further generalize this unitary operator to a more general

tary operator Uy can be any operator satisfying condi-
tion (7). Therefore, the measurement bases {|®y)} are
the most generalized ones, and correspond to the spe-
cial measurement bases {|00),|01),|10),|11)} in Bennett
et al.’s work.!!

form and consider the most generic measurement bases
D, (see Eq. (6)).

Now we return to the teleportation of d-level qubit
unknown state. Let {|n),n = 0,1,...,d — 1,d < oo} be
an orthogonal normalized basis of a d-dimensional Hilbert
space H. We denote by B(H) the space of bounded
linear operators on H. We also denote by {Ug,s,t =
0,1,...,d = 1,Us € B(H)} the unitary operators on H.
Any linear operator K € B(H): H — H can be repre-

Because |w) is a maximal entanglement state and the
unitary operator U acts locally on |w), so the base
|®5:) defined by Eq. (6) is also the maximal entangle-
ment state. In order to let the generic measurement bases
{|®st),s,t =0,1,2,...,d — 1} be orthogonal normalized
bases, the second constraint condition in Eq. (7) is the
sufficient and necessary condition. That can be seen from

sented by a d x d-matrix as the following expression

d—1
Kn) = 3 Kumlm),  Knm €C. (5) (Bl @) = (W](1 UL ® Uy
m=0 10 ULU,u|w)

—~

—~

wl
In this section, we shall only consider the three-tensor

—

Hilbert space, H®3, where Alice has the first and the sec- _ 1 Z (ii](1® UL Uy 155)
ond Hilbert space, and the third Hilbert space belongs d i5=0 e
to Bob. For the five-tensor Hilbert space, H®®, we shall a1
discuss in the next section. Let |w) be the maximally en- _1 (il G|UL U |5)
tangled pure state |w) = (1/v/d) ZZ;E |nn). The generic d i,j=0
measurement bases can be expressed by =
== > (i[ULUv1i)
[Ps) = (1@ Ug)lw) €HOH, UgeB(H), (6) d P
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1
= < T (U U0). (8)

It is obvious from the above expression that if the sec-
ond constraint condition in Eq. (7) is satisfied, the generic
measurement bases (6) are orthogonal normalized bases;
while if the generic measurement bases are orthogonal
normalized bases, then the second constraint condition in
Eq. (7) is satisfied.

We can understand the constraint condition (7) from
a special set of measurement bases, e.g., the Bell bases
for the d-level quantum system. We first define two d x d
matrices h and g such that

hiy=liel),  gli)=ilj) 9)
with p = exp{27i/d} and {|j),7 =0,1,...,d — 1} are the

bases of the d-dimensional Hilbert space, where & means
addition modulo d. Second, we define quantum states

[Ynm) as
[Vnm) = (L@ h™g")|Q) .

It is straightforward to calculate and obtain the following

(10)

expression,
d—1

% S a2 gy [k 4 ) (1)
k=0

This just the Bell bases for the d-level quantum system.
For the
Bell bases (11), one can be straightforward to prove that

[Ynm) = (1@ A™g")|Q) =

We introduce a matrix operator U,,, = h™g".

Upm is the unitary matrix and satisfies the trace orthog-
onal relation, i.e.,

U iUpm = 1,
T (U Untont) = A6 Sy -

(12)
(13)

This means that for the orthogonal normalized bases (e.g.,
Bell bases), the second constraint condition in Eq. (7) for
the unitary operator Uy, is satisfied. However, for other
bases, we must assume that the constraint condition (7)
is satisfied if we desire these bases to be orthogonal nor-
malized bases.

Now we consider the teleportation of a single particle
unknown state. We denote by |¢) the single particle un-
known state to be teleported from Alice to Bob. From
Eq. (6), we define the measurement operators Il;; based
on the generic measurement basis ®; as

Iy = @) (Pst| = (1@ Ust )1 ® U;t) ) (14)
where I' = |w)(w|. Tt is obvious that the measurement
operators Il satisfy

I, Ty = Mge0ss O - (15)

We assume that Alice and Bob share the maximally

entanglement pair U, (Bell state, ¥4 = (1/d) Z?;(Jl ) ®

|i)), then, for the present case, the composite system is
expressed as

p=10){¢| ® Py,
where P+ = ‘\II+><‘1/+|
From the following theorem 1, we can know that Bob

(16)

can convert exactly his particle state into the unknown
state |¢) if he makes a unitary operation UZ (where T
denotes the transpose of Uy) on his particle when Alice
makes a propriety measurement Ilg; on the composite sys-
tem of the unknown state and her particle state.
Theorem 1 Bob can convert exactly his particle state
into the unknown state if he makes a unitary transforma-
tion UL on his particle provided that Alice makes a mea-
surement II,; on her particle and the unknown particle of
the composite system and projects these two particles into
the state |®g).

Proof For the composite system (16), Alice must make a
joint measurement I1,; on the first particle and the second
particle and send Bob her measurement results. Condi-
tioned on the measurement results, Bob makes a unitary
transformation on his particle (the third particle), and
gets the desired final result. Considering each measure-
ment result that is produced with a finite probability, this
teleportation procedure can be represented by the follow-
ing mathematical formula

d—1
P(E)s%tb = Z Tr ya (e ® Usj;)

s,t=0

x (80| ® Wy ) (W [J(ITL, @ UY)) -

Here pQ is the state of Bob’s particle, Try, is a partial

(17)

trace over the unknown state and Alice’s particle state.
UL is the transpose of the U, unitary transformation,
which will be performed by Bob on his particle. The as-

“*” denotes complex conjugate operation. Because

terisk
each joint operation (Alice’s measurement operation and
Bob’s unitary transformation operation) produces desired
result with finite probability, the sum operation is needed
when we count all the measurement results.

Having made use of Eq. (15), substituting the expres-
sion of |¥,) into Eq. (17) and completing the trace over

the first two subsystems, one can obtain

d—1

ou 1 . . NS TR

PBob = 3 Y. (@l@ (i) © [HULNGIUZ - (18)
s,t,,7=0

Suppose that the unknown state |¢) which Alice wants to
teleport is in the form of superposition states

i1
) =D axlk).
k=0

By making use of the measurement operator Il;;, Bob’s

(19)

state can be further written as



418 HAO San-Ru, HOU Bo-Yu, XI Xiao-Qiang, and YUE Rui-Hong Vol. 40
1 d—1 1 d—1
= > Gl UG = 5 Y eaHUGIULIDUR U
k,l,s,t,i,5=0 k,l,s,t,i,j=0
1 d—1 1 d—1
=5 Y UGN = 5 > e USULD UL
k,l,8,t,i,j=0 k,l,8,t=0
1 d—1
= > aaULUL ) EIULUW)" = 16)(¢] - O (20)
k,l,s,t=0

It is obvious that one can teleport any unknown single
particle state with the fidelity f = 1 by means of the
maximally entanglement state |¥) and the generic mea-
surement bases |®;). It is worth while noting that during
the calculation of the above equation, we only require that
Us: be a unitary operator and satisfy the orthogonal re-
lationship (7).
be a Bell bases. Therefore, one can teleport any unknown

That is to say, we need not ask |®4) to

state based on the generic measurement bases. Then we
generalize the standard teleportation to the case of the
generic measurement bases.

Making use of the generic measurement bases |®),
one can complete the teleportation of unknown state by
means of not only the maximally entanglement pure state
|¥,) quantum channel but also the partial entanglement
mixed states quantum channel.

As an example, one can consider the one-parameter
state,[24 given by
11

a2’
which is called the noisy singlet by some authors. Obvi-

ously it is a mixed entanglement state. From Theorem 1
or Eq. (17), we can get the final state of Bob’s particle,
which is also expressed by

d—1
PEb = D Trua(([Tu@UL[0) (¢ @ pp) (T, @ UZ)) .(22)
s,t=0

Making use of the same process, one can get the telepor-

tation result of the unknown state by means of the partial
entanglement mixed state (21), i.e.

out 1

Pob = Plo) (¢l + (1 —p) =,

where |¢) is the unknown state that Alice wishes to

(23)

teleport. The fidelity of this teleportation is given by
f=p+ QA -p)/d

3 Teleportation of a Two-Particle Cat-like
Unknown State
The teleportation of two-particles unknown states for
the d = 2 case through a GHZ quantum channel has
been proposed by Gorbachev et al.'!! Zengl'™) et al. have

gone further to discuss the same problem for the high-
dimensional quantum system (d > 2). However, they only
realized the teleportation for the case of Bell measurement
bases. Here we want to prove that we can realize the same
teleportation by means of the generic measurement bases.

Considering the d-dimensional GHZ quantum channel
states |A) = (1/v/d) Zf;ol |I) ® |I) ® |I) and three-particle
state |Q) = (1/d) ZZ;;O |k) @ |I) ® |l), we can define the

generic measurement bases as
[Drs) = (I @1 Us) | e HOHO®H,

T, Uy € B(H), (24)

where I',. and Uy are d x d unitary operators and they
satisfy the following relations

Tr (Firs) = dd,s )
Tr (U}, Ugsr) = dbss810r -

It is easy to check that the generic measurement bases
defined by Eq. (24) are orthogonal, i.e.

<(brst|(br’s’t’> = 6rr’6ss’6tt’ 3 (27)

which can serve as a set of orthogonal measurement bases
for the d3-dimensional Hilbert space.

In order to teleport a two-particle unknown state to
Bob, Alice needs to define a set of orthogonal measure-
ment operators measuring on the unknown state system
(particles 1 and 2) and her particle state system (parti-
cle 3) of the composite system, and Bob needs a group of
unitary transformations acting on his particles (particles
4 and 5). We denote by Il,.s; and B, the measurement
operators and the unitary transformations, respectively.
Let I, be |®@,5){(Prs¢| and the unitary transformation
B,.s; satisfy the following relations,

B, A= AT, @ UL, (28)

where A is a d? x d? matrix with elements Aijr = 055041
Then we have the following theorem.
Theorem 2 The unknown two-particle cat-like state can
be teleported from Alice to Bob by means of the generic
measurement bases |®,.;) provided that

(i) Alice and Bob share the d®-dimensional maximally
entanglement GHZ state |A);
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(ii) Alice projects the unknown cat-like state and her  can be expressed as
particle state of the composite system into the state |D,.s); d—1
and 0 =S e, (29)
(iii) Bob makes a unitary transformation B, on his l
two-particle system. and the process of the teleportation of this unknown state
Proof For the unknown two-particle cat-like state |¢), it | can be represented by the following mathematical formula,

d—1
PR = Z Truue((Ilrst ® Brse)(|9) (8] ® |A) <A|)(Hlst ® Bist)) ) (30)
r,s,t=0

where p%™t is Bob’s two-particle state after Alice has projected her composite system onto |®,s;) and Bob has made a

unitary transformation B,s on his two particles. Here the measurement operator Il acts on the first three particles
and the unitary transformation B, acts on the last two particles belonging to Bob, and Tr,,, denotes the partial
trace over the two-particle unknown state and Alice’s particle states.
Applying the quantum channel state |A) and completing the partial trace, equation (30) becomes
1 d—1
P =2 S (0] (M TLald) © ) Broglmm) (ol Bl,,. (31)
r,s,t,m,n=0

In terms of the orthogonal properties H;tﬂrfszt/ = Il,540 055042 Of the measurement operators Il,.;, considering

Egs. (24) and (29), the state of Bob’s particles can be further rewritten as
d—1
out 1 * . . Nt . t +
PBob = 75 > a; a; ([T [k) (n|Ust |8) (KU1 7) (U s [m0) Brsi [mam) (nn| B, (32)
r,s,t,m,n,i,j,k,k’'=0
Considering the transpose relations of the matrix elements, (n|Uyli) = (i|UX|n) and (j|UL|m) = (m|UZ%|j), and
applying the equality (A1 B1C1) ® (A2B2C3) = (A1 ® A3)(B1 ® By)(C1 ® Cs), equation (32) becomes
d—1

d—1 d—1

1 . N
=g Y da(Bu( Xm0l )l o vsliin, e (X hal)BL). @
r,8,t,1,7=0 m,k’=0 n,k=0
Since the unitary transformation B, that Bob performs on his particles satisfies relation (28) with A;; i = 0:;0;1,

and the matrix A and unitary matrix Uy, have properties: Aljj) = |jj) and ULU?, = (UL,U,)T = 1, the final state of
Bob’s particles becomes
PBob = =5 aja; (Bt A(TT @ Ug,)|j5) @] (T @ UL AT BL,)

== ajaj (AT, ® Uy ) (T} © U)1j4)(i|(Tr @ Ugg) (P © Uy, ) A™)

aja; AT, TL @ ULUZ)|j5) (i (T, T © USUZ) AT

[
==

7,8,t,i,5=0
d—1
= — S ara Al AT = [6)(4]. O (34)
8,t,0,5=0
This result tells us that one can transmit a cat-like state (29) by means of the generic measurement bases |9, ), based
on a quantum channel state |A). Our result agrees with the one in Ref. [17]. However, the results in Ref. [17] are
obtained by the explicit Bell measurement bases, and our result is obtained by means of the generic measurement
bases. We generalize the measurement bases to the generic orthogonal states.

4 Concluding Remarks

We have generalized the measurement bases of the standard teleportation to the generic measurement bases |®g;) =
(1@ Ug)|w) or |®re) = (I'y @ 1 @ Ugy)|2). This case is different from the result of Ref. [25]. In Ref. [25] the unitary
transformation Uy, is constrained to be a like-Hadamard matrix, however, in the present case, we only require that the
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operators Ug; and T',. be unitary and orthogonal operators, and satisfy the conditions (28), so we give the most general
case for the measurement bases.

In our paper, we have also given the mathematical expression of the process of the standard teleportation of the
unknown particle states, and have given the explicit correspondence relations of the measurement bases that Alice
performs on her particles states and the unitary transformation operators that Bob performs on his particles states.
It is shown that the process of the standard teleportation does not depend on the explicit forms of the measurement
bases, and the unknown states can be exactly transmitted to Bob with fidelity f = 1. In fact, this process allows us
to transmit an unknown mixed state, which can be seen from Eqs. (22) and (23). It is worth while pointing out that
the process of the standard teleportation hides rich (Lie) algebra structures (Weyl pairs). It is also an interesting topic
and we will give the results in a future paper.
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