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Interference Phase of Mass Neutrinos in Kerr Space-Time∗
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Abstract Along the geodesic we calculate the interference phase of the mass neutrinos in some special cases. Because
of the rotation of the mass resource which induces the gravitational field, the angular momentum per unit mass, a, has
a contribution to the phase, which is different from the case in Schwarzschild space-time.
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1 Introduction
The mass neutrino oscillations have been hot topics

in the high energy experimental and theoretical physics
recently, in particular, with highly confident atmospheric
neutrino experiment of super-Kamiokande to assure the
neutrino mass.[1] As a natural extension of the theoret-
ical consideration, the description of neutrino oscillation
in the flat space-time should be replaced by that in the
curved space-time if the gravitational background is taken
into account. In 1996, N. Fornengo and his accompaniers
studied the interference phase of the high energy mass
neutrinos when they propagate in the radial and nonra-
dial directions, respectively, in Schwarzschild field.[2] In
2001, Zhang and A. Beesham also studied the propaga-
tion of neutrinos in Schwarzschild field with a different
method,[3] and they obtained that the phase calculated
along the null is equivalent to the half phase along the
geodesic in high energy limit, which means that the cor-
rect relative phase of the mass neutrinos is either the null
phase or the half geodesic phase, and they also pointed
out that the convenient use of the energy condition was
very important in calculating the interference phase of the
mass neutrinos.

In this paper, we will discuss the interference phase of
the mass neutrinos along the geodesic in Kerr metric. The
existence of parameter θ included in Kerr metric makes
the discussion much more complicated, so we only present
the interference phase in the radial direction and in the
case of θ = 0. By analysis we know that our result can be
reduced to the case in Schwarzschild field[3] if we let the
angular momentum per unit mass a = 0. So the paper is
organized as follows. In Sec. 2, along the geodesic we cal-
culate the mass neutrino interference phase in the radial
direction. In Sec. 3, we present the phase formulas when
θ = 0 and compare it with that obtained in Schwarzschild
field.[3] The conclusions of this paper are given in the last
section. We set G = h̄ = c = 1 throughout this paper.
Other gravitational effects are given in Refs. [4] ∼ [8].

2 Radial Neutrino Oscillation in Kerr Space-
Time
At first, in the flat space-time, the phase factor can be

written in a conventional manner[9]

Φ =
∫

mds =
∫

(Edt− P dx) =
∫

ηµνPµdxν , (1)

where the phase factor Φ is also the classical Lagrange
function for the particle motion, and the route is along the
geodesic determined by the variational principle or Jacob-
Hamilton equation.[10] ds is the interval in flat space-time
with ds2 = ηµν dxµdxν , and the metric

ηµν = diag (+1,−1,−1,−1) .

In the curved space-time, Zhang and A. Beesham have
studied the phase along the geodesic in Schwarzschild
space-time. Now we follow this way of calculation to study
the phase of the neutrino oscillation in the radial direction
in Kerr space-time, and the route is along the geodesic.
In Kerr space-time, the line element can be written as

ds2 = g00dt2+g11dr2+g22dθ2+g33dϕ2+2g03dtdϕ , (2)

where

g00 =
r2 + a2 cos2 θ − 2Mr

r2 + a2 cos2 θ
,

g11 = − r2 + a2 cos2 θ

r2 + a2 − 2Mr
,

g22 = −(r2 + a2 cos2 θ) ,

g33 = − sin2 θ(r2 + a2 + 2Mra2 sin2 θ)
r2 + a2 cos2 θ

,

g03 = g30 =
2Mar sin2 θ

r2 + a2 cos2 θ
,

g00 =
(r2 + a2 cos2 θ)(r2 + a2)− 2Ma2r sin2 θ

(r2 + a2 cos2 θ)(r2 + a2 − 2Mr)
,

g11 = −r2 + a2 − 2Mr

r2 + a2 cos2 θ
,

g22 = − 1
r2 + a2 cos2 θ

,
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g33 = − a2 cot2 θ + (r2 − 2Mr) csc2 θ

(r2 + a2 cos2 θ)(r2 + a2 − 2Mr)
,

g03 = g30 =
2Mar

(r2 + a2 cos2 θ)(r2 + a2 − 2Mr)
. (3)

Here M is the gravitational mass of the star, and a is its
angular momentum per unit mass.

We consider the phase of the mass neutrinos in Kerr
space-time by means of the particle geodesic equation

d2xµ

ds2
+ Γµ

αβ

dxα

ds

dxβ

ds
= 0 . (4)

Along radial direction and with dθ = dϕ = 0, the non-
trivial equation of timelike is

d2t

ds2
+ 2Γ0

01

dt

ds

dr

ds
= 0 . (5)

According to Γλ
µν = gλτ (gµτ,ν + gντ,µ − gµν,τ )/2, we have

Γ0
01 =

g00

2
dg00

dr
+

g03

2
dg03

dr
. (6)

Thus equation (5) can be rewritten as

d2t

ds2
+

(
g00 dg00

dr
+ g03 dg03

dr

) dt

ds

dr

ds
= 0 . (7)

Letting

A(r, θ) = g00 dg00

dr
+ g03 dg03

dr
and

F (r, θ) = e
∫

A(r,θ)dr , (8)

equation (7) becomes

d
ds

[
F (r, θ)

dt

ds

]
= 0 . (9)

Integrating Eq. (9), we obtain

F (r, θ)
dt

ds
= const, or

E = P0 = mF (r, θ)
dt

ds
= const. (10)

Equation (10) represents that the covariant energy is the
motion constant along the geodesic, by which the calcu-
lation is proceeded. It is stressed that it is the covariant
energy P0 (not P 0) that is the constant of motion. This
fact is important in later calculation of the neutrino phase.
Otherwise the ambiguous definition of the neutrino energy
in the gravitational field would lead to the confusion in
understanding the gravitationally induced neutrino oscil-
lation. And also P0 does not represent the neutrino energy
measured by a locally inertial observer at rest at finite ra-
dius, but rather the energy of the neutrino measured by
such an observer at rest at infinity.[9]

Considering dθ/ds = dϕ/ds = 0, equation (2) can be
rewritten as

g00

( dt

ds

)2

+ g11

( dr

ds
)2 = 1 . (11)

Substituting Eq. (10) into Eq. (11), we obtain

ds

dr
=

√
g11

1− g00[P0/mF (r, θ)]2
. (12)

Thus the accurate phase factor in Kerr space-time along
the radial direction will be acquired by next calculation

Φ(geod) =
∫

m
( ds

dr

)
dr

= m

∫ √
g11

1− g00[P0/mF (r, θ)]2
dr . (13)

But the existence of parameter θ in Kerr metric makes
the result of Eq. (13) so complicated that we hardly see
its physical meaning directly. So next we will only discuss
the simplest case.

3 Phase When θ = 0
In the simplest case, we calculate the phase when θ = 0

in Eq. (13). Thus we have

F (r, 0) = e
∫

A(r,0)dr =
r2 + a2 − 2Mr

r2 + a2
,

and
ds

dr
=

1√
(P0/m)2 − 1 + 2Mr/(r2 + a2)

=
1√

k + 2Mr/(r2 + a2)
, (14)

where k = (P0/m)2 − 1. So according to Eq. (13) we
can calculate the interference phase in the radial direction
when θ = 0, that is

Φ =
∫

mdr√
k + 2Mr/(r2 + a2)

. (15)

But the direct integral of Eq. (15) is very complicated,
so we first expand the integral factor before our integral
is proceeded. That is

Φ =
∫

mdr√
k + 2Mr/(r2 + a2)

=
∫

m
[ 1
(k + 2M/r)1/2

+
Ma2

(k + 2M/r)3/2r3
+ O(a3)

]
dr

=
mr

k

√
k +

2M

r
− mr0

k

√
k +

2M

r0

− Mm

k3/2
ln

[
kr + M + r

√
k
(
k +

2M

r

) ]
+

Mm

k3/2
ln

[
kr0 + M + r0

√
k
(
k +

2M

r0

) ]
− ma2

M

[ k + M/r√
k + 2M/r

− k + M/r0√
k + 2M/r0

]
+ O(a3) . (16)

In the far place from the gravitational source, we can think
2M/kr and 2M/kr0 as small quantities. Then we can
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make the following approximation(
1 +

2M

kr

)1/2

=̇1 +
M

kr
,(

1 +
2M

kr0

)1/2

=̇1 +
M

kr0
,(

1 +
2M

kr

)−1/2

=̇1− M

kr
,(

1 +
2M

kr0

)−1/2

=̇1− M

kr0
,

then equation (16) will be rewritten as

Φ=̇
m√
k

(r − r0)−
Mm

k3/2
ln

( kr + M

kr0 + M

)
+

Mma2

k3/2

( 1
r2
− 1

r2
0

)
+ O(a3) . (17)

For electron neutrino, k ∼ 1012 � 1, we obtain

Φ=̇
m2

P0
(r − r0)−

Mm4

P 3
0

ln
( kr + M

kr0 + M

)
+

Mm4a2

P 3
0

( 1
r2
− 1

r2
0

)
+ O(a3) . (18)

From Eq. (18) we can see that if the star which induces
the gravitational field is rotating, the angular momentum
per unit mass a will have an influence on the interference
phase of the mass neutrinos. However, compared with the
second term in Eq. (18), the contribution of a to the phase
is very little. But both the second and the third terms are
also very little compared to the first term, that is, Kerr
gravitation has only little contribution to the neutrino os-
cillation phase. And if we let a = 0, equation (16) will
reduce to the case in Schwarzschild field.

Now let us follow the very routine phase calculation
as proceeded in the standard treatment of the neutrino
phase in a gravitational field,

Φ =
∫

(g00P
0dt + g11P

r dr) . (19)

From the mass shell condition in Kerr space-time,

gµνPµP ν = m2, g00(P 0)2 + g11(P r)2 = m2 , (20)

we can obtain

g11P
r = −m

( r2 + a2

r2 + a2 − 2Mr

)

×
√(P0

m

)2

− 1 +
2Mr

r2 + a2
. (21)

From Eqs. (10) and (14) we obtain

dt

dr
=

P0

m[1− 2Mr/(r2 + a2)]

× 1√
(P0/m)2 − 1 + 2Mr/(r2 + a2)

. (22)

Substituting Eqs. (21) and (22) into Eq. (19), we have

Φ =
∫ (

P0
dt

dr
+ g11P

r
)

dr

=
∫

mdr√
(P0/m)2 − 1 + 2Mr/(r2 + a2)

=
∫

mdr√
k + 2Mr/(r2 + a2)

. (23)

This result is equivalent to Eq. (15)

4 Conclusion
In this paper, we have given the interference phase of

mass neutrinos propagating in the radial direction along
the geodesic in the gravitational field of a rotating spheri-
cally symmetric object, which is described by Kerr metric.
With different angle θ equation (13) has different results.
And almost all of these results are very complicated. So we
have only calculated the phase at the condition of θ = 0,
and gotten equation (18). From Eq. (18) we can see that
because of the existence of the angular momentum per
unit mass, a, the formulas of the interference phase are
different from those that appear in Schwarzschild space-
time. That is, angular momentum per unit mass a has a
contribution to the neutrino oscillation phase. Also our
results are different from those that appear in flat space-
time. This is not surprising since the gravitational redshift
for radial neutrino propagation is well known.

Here our work is only confined to the condition of
θ = 0, but the more meaningful work is to calculate the
interference phase of the mass neutrinos in any direction.
So we will go on caring for the work in the future.
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