
Commun. Theor. Phys. (Beijing, China) 37 (2002) pp 155{160
c
 International Academic Publishers Vol. 37, No. 2, February 15, 2002

Moments and Mean First-Passage Time of Parabolic-Bistable Potential System Driven

by Colored Noise�

LIANG Gui-Yun,1 CAO Li,1;3 KE Sheng-Zhi1;3 and WU Da-Jin2;3

1State Key Laboratory of Laser Technology, Huazhong University of Science and Technology, Wuhan 430074, China

2CCAST (World Laboratory), P.O. Box 8730, Beijing 100080, China

3Department of Physics, Huazhong University of Science and Technology, Wuhan 430074, China

(Received April 27, 2001; Revised July 9, 2001)

Abstract A parabolic-bistable potential system driven by colored noise is studied. The exact analytical expressions

of the stationary probability distribution (SPD) and the moments of the system are derived. Furthermore, the mean

�rst-passage time is calculated by the use of two approximate methods, respectively. It is found that (i) the double peaks

of SPD are rubbed-down into a 
at single peak with the increasing of noise intensity; (ii) a minimum occurs on the curve

of the second-order moment of the system vs. noise intensity at the point D� = 0:025; (iii) the results obtained by our

approximate approach are in good agreement with the numerical calculations for either small or large correlation time

� , while the conventional steepest descent approximation leads to poor results.
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1 Introduction

Recent studies show apparently that 
uctuations play

essential and active roles in many noise-induced phenom-

ena such as phase lock in the laser,[1] escape rate in a

bistable system,[2] noise-induced transport[1] and stochas-

tic resonance.[3] As a typical and important example, the

bistable system has been widely recognized and exten-

sively investigated for many years. An electronic com-

puter uses Boolean algebra to deal with calculation pro-

cess and information deposition in which the basic ele-

ments 0 and 1 are actually carried out through control-

ling a bistable device. Moreover, in order to invent a

photon computer, the design and manufacture of an op-

tical bistable device are key technologies. It is very im-

portant to explore a bistable system driven by stochastic

force. Firstly, a bistable system is a fundamental theoret-

ical model for studying nonequilibrium phase transitions

which contain many essential characteristics in nonlinear

stochastic systems.[4] Secondly, a bistable device is tech-

nically based on the research for the statistical properties

of a bistable model.

There are di�erent types of bistable potentials. One

important example is an absorbing optical bistable state

which can be transformed into the form of particle move-

ment in a potential �eld,[4] i.e., _x = �U 0
y
(x), the po-

tential function is U
y
(x) = yx � x

2
=2 � C ln(1 + x

2).

Considering a driving stochastic force �(t), the equation

is changed into Langevin equation _x = �U 0
y
(x) + �(t),

the bistable parameter C > 4. When the mode y of

an input laser varies in the region of (y�; y+), Uy
(x) is

a bistable potential �eld of mode x in the output laser,

where y� = (C �
p
C2 � 4C � 1)[1 + 2=(1�

p
1� 4=C)].

Another example is a quartic-bistable system driven by

stochastic force �(t), i.e., _x = �U 0(x) + �(t), where

U(x) = ��x2=2 + x
4
=4, which is the most important

model in nonlinear systems driven by noises.

Regarding the theoretical studies on the statistical

properties in a quartic-bistable stochastic system, even

if �(t) is a Gaussian white noise (i.e., the process is

Markovian), the exact analytical expressions of statistical

properties have not yet been obtained so far.[4] Further-

more, if �(t) is a colored noise, the process becomes non-

Markovian. Much more e�orts are limited to develop var-

ious approximate approaches to obtain approximate ana-

lytical expressions of the statistical properties.[4�8]

This paper is aimed to construct a bistable system

driven by an Ornstein{Uhlenbeck (O{U) noise in order to

get the exact analytical expression of stationary probabil-

ity distribution (SPD). The non-Markovian bistable sys-

tem is connected by three parabolic potentials, thus can

be named as the parabolic-bistable potential system. It is

found that the SPD of a single parabolic potential system

driven by O{U noise can be resolved exactly, and that of

the whole system can be obtained exactly through con-

necting the SPD of the three parabolic-bistable potential

systems while the connection condition terms of SPD pre-

sented in this paper are used, which indeed play the same

role as the boundary condition term at the limited bound-

ary. Based on the exact SPD of the parabolic-bistable po-

tential system, we obtain the accurate expression of nth

moments of the system. Also, the mean �rst-passage time

(MFPT) is calculated by numerical integration, steepest

descent approximation and the new approximate method

developed in this paper. Two approximate approaches are

compared with the numerical calculations.

�The project supported by National Natural Science Foundation of China under Grant No. 19975020



156 LIANG Gui-Yun, CAO Li, KE Sheng-Zhi and WU Da-Jin Vol. 37

2 The Parabolic-Bistable Potential
Model and SPD

2.1 The Parabolic-Bistable Potential Model

Considering overdamped particles in a potential U(x)

as shown in Fig. 1, the stochastic dynamics is subject to

the following Langevin equation

_x = �U 0(x) + "(t) ; (1)

where

U(x) =

8>>>>><
>>>>>:

U1(x) =
a

2
(x+ 1)2 +

k

2
; x � �

1
p
3
;

U2(x) =
b

2
x
2
; �

1
p
3
< x <

1
p
3
;

U3(x) =
a

2
(x� 1)2 +

k

2
; x �

1
p
3
;

(2)

and a > 0, b < 0, jbj < 1=� , and "(t) represents O{U noise

with zero mean and autocorrelation

h"(t)"(t0)i =
D�

�
exp

�
�
jt� t

0j
�

�
; (3)

where D� is the noise intensity, � is noise correlation time.

Equation (1) is a one-dimensional non-Markovian process,

which can be transformed into two-dimensional Marko-

vian process

_x = �U 0(x) + "(t) ; (4)

_"(t) = �
1

�
"(t) +

1

�
�(t) ; (5)

where �(t) is Gauss white noise with zero mean and

h�(t)�(t0)i = 2D��(t� t
0) : (6)

Fig. 1 The parabolic-bistable potential U(x). The pa-

rameters are � = 0:756, b = �0:0866025, k = �0:0425

and a = 0:102567.

Because of the complexity of parabolic-bistable poten-

tial in Eq. (2), it is impossible to solve the Fokker{Planck

equation corresponding to Eqs (2), (4) and (5) directly.

However, we notice that the parabolic-bistable potential

(2) can be divided into three regions. The SPD of x can

be obtained exactly in each region. The SPD of x in the

whole space can be obtained through connecting the three

SPDs. The SPD in each region is derived in the following.

2.2 The SPD in a Non-Markovian Parabolic

Potential System

Making a transform

y(t) = �U 0(x) + "(t) ; (7)

equations (4) and (5) become

_x = y ; (8)

_y(t) =
�
�U 00(x)�

1

�

�
y �

1

�
U
0(x) +

1

�
�(t) : (9)

Because the potentials U
i
(x) (i = 1; 2; 3) in three re-

gions are parabolic nonlinear of x (see Eq. (2)), U 00(x) is
constant. Inserting U1(x), U2(x) and U3(x) in Eq. (2) into

Eqs (8) and (9), respectively, we obtain

_x(t) = y ; (10)

_y(t) = ��
i
y �

1

�
U
0
i
(x) +

1

�
�(t) ; (11)

where

�1 = a+
1

�
; �2 = b+

1

�
; �3 = a+

1

�
;

U
0
1(x) = a(x+ 1) ; U

0
2(x) = bx ; U

0
3(x) = a(x� 1) :

The combination of Eqs (10) and (11) is the special case

of Kramers equation, the corresponding Fokker{Planck

equation[4] is given by

@P (x; y; t)

@t
= �

@

@x
[yP (x; y; t)]

�
@

@y

h�
��

i
y �

1

�
U
0
i
(x)
�
P (x; y; t)

i
+
D�

�2

@
2

@y2
P (x; y; t):

Thus the joint stationary probability distribution P (x; y)

can be calculated exactly

P
i
(x; y) = '

i
(x) exp(�k

i
y
2) ; (12)

where

'
i
(x) = N exp

h
2k

i

Z
x

�1

1

�
(�U 0

i
(x0))dx0

i
; (13)

k
i
=

c
i
�
2 + �

2D�

; c1 = c3 = a ; c2 = b ; (14)

so that we have

P
i
(x) =

Z 1

�1
P
i
(x; ")d" =

Z 1

�1
P
i
(x; y)

��� @(x; y)
@(x; ")

��� d" :
By making use of Eqs (12) � (14), we get

P1(x) = N

r
2�D�

a�2 + �
exp

h
�
a(a� + 1)

2D�

(x+ 1)2
i
; x � �

1
p
3
; (15)

P2(x) = N

r
2�D�

b�2 + �
exp

h
�
b(b� + 1)

2D�

x
2
i
; �

1
p
3
< x <

1
p
3
; (16)

P3(x) = N

r
2�D�

a�2 + �
exp

h
�
a(a� + 1)

2D�

(x� 1)2
i
; x �

1
p
3
: (17)
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2.3 The SPD in a Parabolic-Bistable Potential

Model

Now we construct the SPD, P (x), of parabolic-bistable

potential from P1(x); P2(x) and P3(x). The physical con-

ditions require that P
i
(x) and P

0
i
(x) must be continuous

at the boundary, i.e. x = �1=
p
3 and x = 1=

p
3. Because

of the symmetry, only the continuous condition is given

explicitly at the point x = �1=
p
3,

P1

�
x = �

1
p
3

�
= P2

�
x = �

1
p
3

�
; (18)

P
0
1

�
x = �

1
p
3

�
= P

0
2

�
x = �

1
p
3

�
: (19)

From Eqs (15) � (19), we obtain

P (x) =

8>>>>>><
>>>>>>:

NH1(x) exp
h
�
� (x+ 1)2

2D�

i
; x � �

1
p
3
;

NH2(x) exp
h
�
�x

2

2D�

i
; �

1
p
3
< x <

1
p
3
;

NH3(x) exp
h
�
�(x� 1)2

2D�

i
; x �

1
p
3
;

(20)

where

� = a(a� + 1) ; � = b(b� + 1) ;

H1(x) = H3(x) =

r
a� + 1

b� + 1
exp

�
�

�

2
p
3D�

�
;

H2(x) =

r
2�D�

b�2 + �
;

N is the normalization constant. From Eqs (18) and (19),

we obtain equations which are subject to

(b� + 1)b = (a� + 1)a(1�
p
3 ) : (21)

It is obvious that the value of � should satisfy the con-

dition governed by Eq. (21) when the values of a and b

are given in the parabolic-bistable potential model, which

implies that equation (20) is only valid for a unique � de-

rived from Eq. (21). In this case, equation (20) can be

named as a \single colored" noise theory. In other word,

� is not adjustable as a steering parameter when a; b are

chosen. However, considering the importance of bistable

systems in stochastic dynamics, it is necessary to further

discuss the statistical properties of the parabolic-bistable

potential model which is rather di�erent from either the

absorbing optical bistable system or the quartic-bistable

one. Figure 2 shows the statistical characteristics in the

parabolic-bistable potential system. When the noise in-

tensity D� increases, the SPD expands wider, and the

deviation between the two maximal heights and the sin-

gle minimal one reduces. As D� becomes larger, the two

peaks fade out, and the structure of the SPD becomes a

\single wide peak" which indicates the e�ects of the po-

tential barrier valley vanish and the whole process is con-

trolled by the noise. On the other hand, the structure of

P (x) is mainly dominated by the deterministic parabolic-

bistable potential when the noise intensity D� is small.

The two peaks grow higher and narrower and �nally be-

come two � pulses as D� approaches to zero. Indeed, for

D� ! 0, the system transits from a stochastic process to

a deterministic one.

Fig. 2 The normalized SPD Pst(x). The parameters are

D� = 1 (dotted line), 0:1 (dashed line) and 0:01 (solid

line), with � = 0:756, b = �0:0866025, and a = 0:102567.

3 Analytical Expressions of Moments

From Eq. (20), we can derive the nth order moment

(n = 1; 2; 3; : : :). Odd-number order moments hxi; hx3i; : : :
are equal to zero due to the symmetric relation. However,

even-number higher-order moments cannot be obtained

directly from the second-order moment because of the

non-Gaussian distribution P (x). Therefore, it is necessary

to calculate hxni (n = 2; 4; 6; : : :) besides the second-order

moment. The second-order moment can be obtained eas-

ily,

hx2i =
Z �1=

p
3

�1
x
2
NH1(x) exp

h
�
�(x+ 1)2

2D�

i
dx+

Z 1=
p
3

�1=
p
3

x
2
NH2(x) exp

h
�
�x

2

2D�

i
dx

�
Z 1

1=
p
3

x
2
NH3(x) exp

h
�
�(x+ 1)2

2D�

i
dx

= 2NH1(x)

�r
�D�

2�
�
h
(1�

p
3 )

r
�

6D�

i�
D�

�
+ 1
�
+
D�(

p
3 + 1)

p
3�

exp
h
�
�(
p
3� 1)2

6D�

i�

+ 2NH2(x)

1X
n=0

� ��
2D�

�
n 1

2n+ 3

� 1
p
3

�2n+3

; (22)

where the error function is

�(x) =
2
p
�

Z
x

0

exp(�t2)dt :
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hxni (n = 2; 4; 6; : : :) can be obtained through integration

hxni =
Z �1=

p
3

�1
x
n

NH1(x) exp
h
�
�(x+ 1)2

2D�

i
dx+

Z 1=
p
3

�1=
p
3

x
n

NH2(x) exp
h
�
�x

2

2D�

i
dx

�
Z 1

1=
p
3

x
n

NH3(x) exp
h
�
�(x+ 1)2

2D�

i
dx

= 2NH1(x)
�
�

D�

��(n+1)=2

�(n+ 1) exp
�
�

�

4D�

�
D�(n+1)

�
�
r

�

2D�

�

� 2NH1(x)

1X
k=0

�
�

�

2D�

�
k

1X
i=0

C
i

2k

(�1)i

n+ i+ 1

� 1
p
3

�
n+i+1

+ 2NH2(x)

1X
k=0

�
�

�

2D�

�
k 1

n+ 2k + 1

� 1
p
3

�
n+2k+1

; (23)

in which

�(n+ 1) = (n+ 1)! ; D�(n+1)

�
�
r

�

2D�

�
=

exp[��=(8D�)]

�(n+ 1)

Z 1

0

exp
�r

�

2D�

x�
x
2

2

�
x
ndx :

For n = 2, equation (23) returns to Eq. (22).

The second and fourth moments are depicted in Fig. 3. An interesting phenomenon is found that hxni exhibits a
minimum with the monotonical increasing of noise intensity D�. It is apparent from the point of view of mathematics.

For D� ! 1, H2(x) ! 1; for D� ! 0 and � < 0, H1(x) ! 1 and H2(x) ! 1. Therefore, hxni must experience
a minimum with the monotonical increasing of D�. Figure 3 also shows that the minimum becomes smaller for

higher-order moment.

Fig. 3 The second-order moment hx2i and quartic-order moment hx4i vs. noise intensity D� with parameters � = 0:756,

b = �0:0866025 and a = 0:102567.

4 Mean First-Passage Time (MFPT)

When particles surmount a potential starting from x = �1 to x = +1, the MFPT is determined by[8]

T (D�) = D
�1
�

Z 1

�1
H(x) exp[�(x)=D�]dx

Z
x

�1
H(y) exp[��(y)=D�]dy : (24)

Equation (24) is derived by two approximate procedures which are compared with direct numerical integrations,

respectively.

4.1 New Approximation

T (D�) = D
�1
�

Z 1

�1
H(x) exp[�(x)=D�]dx

Z
x

�1
H(y) exp[��(y)=D�]dy

= D
�1
�

Z �1=
p
3

�1
H1(x) exp[�1(x)=D�]dx

Z
x1

�1
H1(y) exp[��1(y)=D�]dy

+D
�1
�

Z 1=
p
3

�1=
p
3

H2(x) exp[�2(x)=D�]dx

Z �1=
p
3

�1
H1(y) exp[��1(y)=D�]dy

+D
�1
�

Z 1=
p
3

�1=
p
3

H2(x) exp[�2(x)=D�]dx

Z
x2

�1=
p
3

H2(y) exp[��2(y)=D�]dy
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+D
�1
�

Z 1

1=
p
3

H1(x) exp[�3(x)=D�]dx

Z �1=
p
3

�1
H1(y) exp[��1(y)=D�]dy

+D
�1
�

Z 1

1=
p
3

H1(x) exp[�3(x)=D�]dx

Z 1=
p
3

�1=
p
3

H2(y) exp[��2(y)=D�]dy

+D
�1
�

Z 1

1=
p
3

H1(x) exp[�3(x)=D�]dx

Z
x3

1=
p
3

H1(y) exp[��3(y)=D�]dy ; (25)

where �1(x) = �(x+ 1)2=2, �2(x) = �x
2
=2, �3(x) = �(x� 1)2=2 and � > 0, � < 0.

Performing dual integration on the right-hand side of Eq. (25), we get

T (D�) = D
�1
�

nZ �1=
p
3

�1
dx1H1(x1) exp[�1(x1)=D�]H1(x1)

r
�D�

2�

h
1 + �

�r
�

2D�

(x1 + 1)
�i

+ 2H1H2

Z 1=
p
3

0

dx2 exp[�2(x2)=D�]

r
�D�

2�

h
1 + �

�r
�

2D�

�
1�

1
p
3

��i

+ 2H2
2

Z 1=
p
3

0

dx2 exp[�2(x2)=D�]

Z
x2

�1=
p
3

exp[��2(y)=D�]dy

+H
2
1

Z 1

1=
p
3

dx3 exp[�2(x3)=D�]

r
�D�

2�

h
1 + �

�r
�

2D�

�
1�

1
p
3

��i

+ 2H1H2

Z 1

1=
p
3

dx3 exp[�2(x3)=D�]

Z 1=
p
3

0

dy exp
h
�
�y

2

2D�

i

+H
2
1

Z 1

1=
p
3

dx3 exp[�2(x3)=D�]

r
�D�

2�

h
�
�r

�

2D�

�
1�

1
p
3

��
+�

�r
�

2D�

(x3 � 1)
�io

:

Transforming variables x1; x3 ! x, we have

T (D�) = D
�1
�

�
H

2
1

r
�D�

2�

Z �1=
p
3

�1
dx exp

h
�1(x)

D�

ir
�D�

2�

h
1 + �

�r
�

2D�

�
1�

1
p
3

��

+
H2

H1

r
2�

�D�

Z 1=
p
3

0

dy exp
�
�
�y

2

2D�

�i
+H1H2

s
2�D�

��
�
�r ��

6D�

�r
�D�

2�

�
h
1 + �

�r
�

2D�

�
1�

1
p
3

��i
+H

2
2

Z 1=
p
3

�1=
p
3

dx2 exp
�
�x

2
2

2D�

�Z x2

�1=
p
3

dy exp
�
�
�y

2

2D�

��
: (26)

Since the �rst and the second integrated functions are even functions on the right-hand side of Eq. (26), and the second

integration has symmetric integration region, we take the upper limit x2 = 0 in the second integration, which leads

the �rst integration to be available. Thus the approximate expression is obtained

T (D�) = D
�1
�

�
H

2
1

r
�D�

2�

Z �1=
p
3

�1
dx exp

h
�1(x)

D�

ir
�D�

2�

h
1 + �

�r
�

2D�

�
1�

1
p
3

��

+
H2

H1

r
2�

�D�

Z 1=
p
3

0

dy exp
�
�
�y

2

2D�

�i
+H1H2

s
2�D�

��
�
�r ��

6D�

�r
�D�

2�

�
h
1 + �

�r
�

2D�

�
1�

1
p
3

��
+
H2

H1

1X
n=0

� ��
2D�

�
n 1

2n+ 1

� 1
p
3

�2n+1i�
: (27)

It is seen that the deviation arises from the integration of

the region jxj � 1=
p
3. Due to � < 0, the last term on

the right-hand side of Eq. (26) can be considered as the

formal integralZ 1

�1
dx exp(�x2)

Z
x

�1
dy exp(y2) : (28)

The �rst integration in Eq. (28) is weighted by the second

integration. The �rst integration is regarded as a sum,
nX

i=0

K
i
exp(�x2

i
)�x

i
; (x0 < x1 < � � � < x

n
) ;

and x0 = �1; x
n
= 1, where

K
i
=

Z
xi

�1
dy exp(y2) :

Here we take K
i
as a constant identically equal to the
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value at x
i
= 0, which enlarges the weighted-coe�cient of

the �rst integration in the region of x
i
< 0, but reduces

in the region of x
i
> 0. Furthermore, the integrated func-

tion is just even, also the integration region is symmetric.

Therefore, we take the upper limit x = 0 in the last term

of the right-hand side of Eq. (26).
In Fact, for asymmetric integrated functions, excellent

agreement will be obtained in comparison with the nu-

merical result if the upper limit of the second integration

is properly chosen. Generally, expression (28) can be re-

garded as an example searching for the gravity center of

irregular object in which there only remains the uncer-

tainty of the weighted-coe�cient of �rst integration. If

the weighted-coe�cient is given, one can yield the grav-

ity center of the object through variable transformation,

also the upper limit can be determined. For instance, we

extend expression (28) to a general formZ
d

c

f(x)dx

Z
x

c

g(y)dy : (29)

Let z = G(x) =
R
x

c

g(y)dy, equation (29) becomesZ
d
0

c
0

z
f [G�1(x)]

g(x)
dx : (30)

If the expression of G(x) is given, the integration is feasi-

ble, and the position of the gravity center is known, i.e.,

K =

Z
d
0

c
0

z
f [G�1(z)]

g(z)
dz
. Z d

0

c
0

f [G�1(z)]

g(z)
dz :

Then the upper limit of integration can be determined by

z = G(x) = K. Therefore, the new approximation is a

universal approach.

4.2 The Steepest Descent Approximation

The MFPT is obtained through steepest descent

approximation,[9]

T (D�) =
2�H1H2p

j�j�
exp

�
�(
p
3� 1)2 � �

6D�

�
: (31)

5 Discussion

In order to verify the reliability of the new approx-

imation and the steepest descent approximation, equa-

tions (27) and (31) are compared with numerical integra-

tion from Eq. (24), respectively. Figure 4 shows clearly

that for small correlation time (� = 0:756), the MFPT

obtained by new approximation is of good agreement with

the numerical calculation, which is much better than the

one obtained from the steepest descent approximation.

For large correlation time (� = 20), �gure 5 shows an

excellent agreement between the new approximate result

and the numerical calculation. However, the steepest de-

scent approximation performs worse result.

Fig. 4 The MFPT vs. noise intensity D�. The solid line

is numerical result (24); dotted line new approximation (27);

dashed line the steepest descent approximation (31). The pa-

rameters are � = 0:756, b = �0:0866025 and a = 0:102567.

Fig. 5 The MFPT vs. noise intensity D�. The solid line

is numerical result (24); dotted line new approximation (27);

dashed line the steepest descent approximation (31). The pa-

rameters are � = 20, b = �0:0268468 and a = 0:013368.
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