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Quantum Statistical Entropy of Five-Dimensional Black Hole
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Abstract The generalized uncertainty relation is introduced to calculate quantum statistic entropy of a black hole.
By using the new equation of state density motivated by the generalized uncertainty relation, we discuss entropies of
Bose field and Fermi field on the background of the five-dimensional spacetime. In our calculation, we need not introduce
cutoff. There is not the divergent logarithmic term as in the original brick-wall method. And it is obtained that the
quantum statistic entropy corresponding to black hole horizon is proportional to the area of the horizon. Further it is
shown that the entropy of black hole is the entropy of quantum state on the surface of horizon. The black hole’s entropy
is the intrinsic property of the black hole. The entropy is a quantum effect. It makes people further understand the

quantum statistic entropy.
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1 Introduction

Entropy of the black hole is one of the important
subjects in theoretical physics. Since entropy has sta-
tistical meaning, the understanding of entropy involves
the sense of the microscopic essence of the black hole.
However, how does one measure the microscopic states
of black hole by entropy? This problem is not solved.!!
On the other hand, since Bekenstein and Hawkingl?—4
proposed that the entropy of black hole is proportional
to the area of the horizon. Studying various black hole
thermal properties is one of the important subjects in
black hole physics.[6] Especially, there is a growing in-
terest in the entropy of black hole indicated by the vast
amount of existing literatures.”~13 One frequently used
method among them is the brick-wall model advanced by
G’t Hooft.!'% This model proposed a statistic method to
calculate the black hole entropy by taking the entropy of
quantum state out of black hole as the entropy. Using
this method, we can derive Bekenstein-Hawking (B-H)
entropy for each static state black hole.'4~18] But in cal-
culation, we find that quantum state density is divergent
near the black hole horizon. To derive B-H entropy, we
have to introduce ultraviolet cutoff. This cutoff is unnat-
ural. Subsequently, it is found that the black hole entropy
mostly is the contribution of quantum state near the hori-
zon surface. The brick-wall model is improved and the
membrane model is proposed.[!?-2%] The membrane model
only considers the quantum state within lamella near the
horizon. The infrared cutoff and small mass approxima-
tion in original brick-wall model are avoided naturally.

But ultraviolet cutoff remains.

Recently, references [21] ~ [23] discussed the effect of
generalized uncertainty relation on state density. They
computed the quantum statistic entropy of the black hole
in four-dimensional spacetime by considering the contri-
bution of quantum state only within the range where its
distance from horizon surface is less than Planck scale. It
is shown that if we do not introduce cutoff, the quantum
statistic entropy of black hole is only proportional to the
area of horizon and there are not other divergent terms.
So it provides a way for discussing the statistic origin of
black hole entropy.

In this paper, we extend the method proposed in
Ref. [22] and study the black hole entropy in five-
dimensional spacetime. Because solving wave equation
is difficult for higher-dimensional spacetime, the research
of quantum statistic entropy of black hole is progress-
ing slowly in the higher-dimensional spacetime. If we
adopt quantum statistic method,[2%22l the difficulty to
solve wave equation in the higher-dimensional spacetime
is avoided. It is possible to derive quantum statistic en-
tropy of black hole in the higher-dimensional spacetime.
By introducing the generalized uncertainty relation to the
calculation of the black hole quantum statistic entropy,
we only need to discuss within the lamella with Planck
scale near horizon. We need not introduce cutoff and can
obtain the conclusion that the quantum statistic entropy
of black hole is proportional to the area of horizon. The
problem that the state density is divergent near the hori-
zon is solved. The entropy is the number of quantum
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state near the black hole horizon within Planck scale. It
is not only the intrinsic property of the black hole but
also a quantum effect. The calculation result makes peo-
ple further understand the quantum statistic entropy of
the black hole. By using quantum statistical method, we
not only obtain the conclusion that the entropy of Bose
system is proportional to the area of horizon but also that
the entropy of Fermi system is proportional to the area
of horizon. The method given in this paper has a general
meaning.

2 Entropy of Bose Field

The topological AdS black hole in five-dimensional
spacetime is given by[24]

dSTaas = —g(r)dt* + dr?

1
g(r)
+72[dx? + fi(X)?(d6? +sin® 0d¢?)], (1)
where k describes the horizon geometry with a constant

curvature, g(r) and f(x) are given by

m T2

g(r):k_ﬁ+ﬁv Jolx) =x

filx) =sinx, f-i(x) =sinhx. (2)
Here we have defined & = 1,0, and —1 cases as the
Schwarzschild-AdS (SAdS) black hole,?! flat-AdS (FAdS)
black hole, and hyperbolic-Ads (HAdS) black hole,26] re-
spectively. In the case of Kk =1, m = 0, we have an exact
AdSs-space with its curvature radius [. However, m # 0
generates the topological AdS black holes. The only event
horizon is given by

P = l;( Fry/R o). (3)

According to the theory of general relativity, an observer
at rest at the infinity distance obtains the frequency shift
of the particles from the surface of a star as follows:

g(r), (4)
where 1 is the natural frequency of the atoms on the sur-
face of star and v is the one obtained by the observer at
rest at the infinity distance.

Radiation temperature of the black hole is given by

V=1

InZ =—j5

ey - [ Al)dr Var3dy
ln(l — eﬁ ) = _.]/ /79(74) (1 +§\(27”/)2)4

(equilibrium temperature)
k TEn
Ty =—+—. 5
= 2mren w2 (5)
From Refs. [27] and [28], the inhere temperature obtained
by the observer at rest at the infinity distance is

Tu 7 (6)
g(r)
where /g(r) is the red-shift factor.

Under Planck scale the quantum system must consider
the effect of quantum gravitation. The standard Heisen-
berg uncertainty principle should be modified to the gen-
eralized uncertainty principle.[?-3% The simplest formula
corresponding to the generalized coordinate-momentum
uncertainty principle is?!

Aeap> [+ 2 an?]. (7)

where A is the valve of Planck length. It is a correction
factor of gravitation. Equation (7) shows that the degree
of location uncertainty is not arbitrarily small. Its mini-
mum is

T =

ALpmin = 2V (8)

Meanwhile, reference [30] points out that according to the
generalized uncertainty principle, in phase space d"xzd"p,
the number of quantum state is
n n
AN — d"zd"p ’ 9)
@) (1 + A2)"

where n is the number of freedom degree. We take
the simplest functional from of the Planck unit system
(C =h= KB = 1)

For a bosonic system, we calculate the normal canon-
ical partition function as follows:

InZ = fZgiln(l — e Py,

For five-dimensional spacetimes, the area of a three-
dimensional curved surface at an arbitrary point r is
A(r) =3V, (11)
where V3 is the volume of unit three-dimensional hyper-
surface. Thus, the partition function of the system at the

lamella with arbitrary thickness at the point outside the
horizon is

(10)

ﬁhu)
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where j is the spinning degeneracy of particles, 8 = 5p1/g(r), p = 2wv. The free energy of the system is

F———an——j/A dr/
0

Thus the entropy of the system is

Vah

A(1 + A(21v)2)E(ePhv — 1)V4du.
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W A(r)dr Sdx
IECOR / a2(r) /0 1+ A2/ B2g(r) (% —1)2 (14)

where x = Shv and

[ ezddx (@ rat)de 1 rg(r) g(r)\?/2
= | e, e - w0 s) T w

In view of Ref. [29], we do the integral near the horizon of the black hole and take the 1ntegral region [Fgy, ren + €],
where rgy is the location of horizon. Then

. Vs TERTE A(r)dr a(9r)N2 | T 5 rg(r)\5/2
b = J {5y (50 + 55 (5
B8 = 4216 /TEH go/2(r) L1277 HEZAA )
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=J 1 )2 [ ﬂo 1 2} :
16(27) A 3V K AL/
We are only interested in the contribution from the area region near the horizon, [rgy, 7sn + €], which corresponds to

a proper distance of the order of the minimal length, 2v/A. This is because the entropy approaches the upper bound
only in this vicinity. Furthermore, it is just the vicinity neglected by brick-wall model. We have

TEH+E TEH+E
VX — / dr / U
TEH V g(r) TEH V 25(7’ - TEH) K

where & is the surface gravity at the horizon of black hole and it is identified as kK = 275 ! Thus we naturally derive
that the entropy is proportional to the horizon area,

Vs Alres) 2 72
16(2m)4  A3/2 {* 7]

(16)

(17)

SBE = J =7 = OZA(TEH) s (18)

3 + 2
where
SRR ﬁ}
~J16(2m)t 232 13 ’
and A(rgy) is the surface area of the black hole.

3 Fermionic Entropy
For a fermionic system, the partition function is as follows:

an:Zgiln(l—i— e Peiy. (19)
Using the calculation method that is similar to the method in Sec. 2, we derive that the entropy of the system is
oF > V3 Bh2 ePhv
2 . 3 5
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So the entropy of the black hole is
. VaB3 /A(r)gl/2(r)dr W
SeF = i g oy A3 = i yars Alren) (22)
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where ¢ is the degeneracy of fermion.

4 Discussion

In this paper, we introduce the generalized uncertainty relation to study the entropy of the black hole horizon in
higher-spacetime. By considering the effect of the generalized uncertainty relation on density, the divergence appearing
in the brick wall model is removed, without any cutoff. It is derived that the quantum statistic entropy is proportional
to the area of the horizon. The calculation results show that the quantum statistic entropy of the black hole is the
number of quantum state near the horizon under Planck scale. It is the intrinsic property of the black hole. The
entropy is a quantum effect. Both Bose system and Fermi system have this property. The calculation result makes
people further understand the quantum statistic entropy of the black hole. From Egs. (18) and (22), the quantum
statistic entropy corresponding to the black hole horizon is related to A introduced in the generalized uncertainty
relation. From Eq. (8), we know that 2v/) is the least uncertainty degree of location under Planck scale. The research
on the quantum statistic entropy corresponding to the black hole horizon is a very interesting physics subject. Through
analysis, we obtain that the value of the quantum statistic entropy corresponding to the black hole horizon can be
determined by the value of \. Because the value of A can be obtained by experiment, we will derive the value of the
quantum statistic entropy corresponding to the black hole horizon by experiment.

As early as 1992, Li and Liu phenomenally proposed the state equations motivated by gravity and gave the state
equations of the thermal radiation field near the horizon of black hole.l3!l Using the Li-Liu equation, Wang calculated
the entropy of a black hole and obtained that the entropy of the black hole is proportional to the area of the horizon.32!
Using the new equation of state density motivated by the generalized uncertainty relation, we calculate the quantum
statistic entropy of black hole and obtain that the quantum statistic entropy is proportional to the area of the horizon.
In our calculation the divergent logarithmic term in the original brick-wall method does not exist. It is shown that
the introduction of the generalized uncertainty relation can eliminate the divergence of state density near the horizon
surface. We start with different consideration, but obtain the same conclusion. So there must be an inherent relationship
between the Li—Liu equation and generalized uncertainty relation, which is an important subject of theoretic physics
we need to research.

Using the quantum statistic method, we discuss the five-dimensional spacetime. The difficulty to solve the wave
equations is avoided. We provide a way to study the entropy in the higher-dimensional spacetime.
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