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Abstract The transverse vector vertex function in momentum space in four-dimensional QED is derived in terms of
a set of transverse Ward—Takahashi relations for the vector and the axial-vector vertices in the case of massless fermion.
It is demonstrated explicitly that the transverse vector vertex function derived this way to one-loop order leads to the
same result as one obtained in perturbation theory. This provides a basic approach to determine the transverse part of
basic vertex function from the symmetry relations of the system.
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1 Introduction

Gauge symmetry imposes powerful constraints on the basic interaction vertex functions of gauge theories, leading
to the exact relations among Green’s functions — the Ward-Takahashi (WT) identities.'!] They play the important
role in providing the consistency conditions in perturbation theory as well as in the nonperturbative studies of gauge
theories. The well-known WT identity for the vector vertex function I'{; in momentum space is

0uT% (p1,p2) = Sp' (p2) — S5t (p1) (1)

where ¢ = pa — p1, p2 and p; are the incoming and outgoing momenta, respectively, and Sg(p1) is the full fermion
propagator. But the normal WT identity for the vertex specifies only its longitudinal part, leaving the transverse part
undetermined.

The knowledge of the three-point vertices is crucial in the nonperturbative studies of gauge theories through the
use of the Dyson—Schwinger equations (DSEs),[Q] where the transverse vertex, i.e. the transverse part of the vertex
has long been known to play the crucial role in ensuring multiplicative renormalizability and also in determining the
propagator.2~4 Therefore, in the past years much effort has been devoted to constructing the transverse part of
the vertex based on an ansatz guided by perturbative constraints through the one-loop evaluation of the vertex.!?4
However, such a constructed vertex is not unique since it is not fixed by the symmetry of the system. The latter
provides the key point in determining the transverse part of the vertex: Like the longitudinal part, the transverse part
of the vertex should be determined also by the WT-type constraint relations called the transverse WT relations.[~7]

In this work we provide a basic approach to determine the transverse part of basic vertex functions from the
symmetry relations of the system. At first we present the complete expressions of a set of transverse WT relations
for the vector and the axial-vector vertex functions in momentum space, where the transverse WT relations involve

[6—8] Then we derive the

the integral terms arising from the four-point functions which were neglected in earlier works.
transverse part of the vector vertex function in four-dimensional Abelian gauge theory — QED by self-consistently
solving this set of transverse WT relations for the vector and axial-vector vertex functions in momentum space in the
case of massless fermion without any ansatz. We demonstrate explicitly that this transverse vector vertex function to

one-loop order leads to the same result as one obtained in perturbation theory.

2 Transverse Ward—Takahashi Relations for Vector and Axial Vector Vertex Functions

We begin with the transverse WT relation for the vector vertex function. The normal (longitudinal) WT identity
(1) in coordinate space is related to the divergence of the time-ordered products of the three-point Green function
involving the vector current operator,!!/ while the transverse WT relation for the vector vertex is related to the curl of
the time-ordered products of the three-point function involving the vector current operator.l%”) By carefully computing
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the Fourier transformation in terms of the standard definition for the Fourier transformation of the three-point function,
we obtain the transverse WT relation for the vector vertex function,

ig"T% (1, p2) — ig"T% (p1,p2) = Sp' (p1)o™ + " Sit (p2) + 2mDYY (p1, p2)
4

d*k
+ (p1a + P2a)EM T 4y (p1, p2) — / )

where ¢ = py — p1, I} is the tensor vertex function in momentum space, and Up(2’,2) = P exp(—ig f; dy?A,(y)) is

QkAEAMVpFAp(pDPQ;k) ’ (2)

the Wilson line, which is introduced in order to keep the local gauge invariance, where A, is the gauge field. In the
QED case, g = e and A, is the photon field. Here the integral term, which involves I'4,(p1, p2; k) with the internal
momentum k& of the gauge boson appearing in the Wilson line, appear. T'a,(p1, p2; k) is defined by

/ d*zdie’ dtay dtay e (Pro1—p2zat (ki —k)a—(ka—k)-2") 01T (2" ) v,y Up (@', 2) ()1 (z1) 1 (22)]0)

= (2m)*6*(p1 — p2 + k1 — k2)1SF (p1)T ap(p1, p2; k)iSk (p2) - (3)

Hence the integral term is the four-point function, which was neglected in Refs. [6] ~ [8].
The transverse WT relation for the axial-vector vertex in coordinate space is related to the curl of the time-ordered

(8]

products of the three-point function involving the axial vector current operator.'®! By carefully computing the Fourier

transformation, we obtain the transverse WT relation for the axial-vector vertex function in momentum space,

ig"T% (1, p2) — ig"T% (p1, p2) = Sz’ (p1)0™ 75 — 0" 755% " (p2) + (P1x + P2r)e™ Ty (p1, pa)
Y ik 4
/ (271_)4 A\E VP(plvp% ) ( )
Substituting 7,75 by 7, in the matrix element of Eq. (3), we obtain the definition for I'v;, (p1, p2; k). The integral term
in Eq. (4) was neglected in Ref. [8].
Equations (2) and (4) show that the transverse parts of the vector and the axial-vector vertex functions are

coupled with each other. It implies that the transverse parts of the vector and axial-vector vertex functions are not
independent of each other in four-dimensional space-time. In the limit with zero fermion mass, the contribution from
mI'%” disappears and hence Egs. (2) and (4) form formally a complete set of transverse WT relations for the vector
and the axial-vector vertices. Then we can derive the transverse vector and axial-vector vertex functions in terms of
this set of WT relations.

3 Transverse Vector Vertex Function

We now derive the transverse vector vertex function by consistently solving the set of WT relations for the vector
and the axial-vector vertex functions in the case of massless fermion. To do this, we multiply both sides of Egs. (2)
and (4) by —ig,, and move the terms proportional to ¢, I'}, and ¢, I} into the right-hand side of the equations, and
then substituting one equation obtained from Eq. (4) into another one and using Eq. (1). After lengthy computations
we obtain the following full vector vertex function:

F(ﬁ-(phpz) = Fl‘j’(L) (phpz) + Fl‘;(T) (plapz) (5)
with
T 0y (p1,p2) = 42" [SE" (p2) — Sg' ()] (6)
and
DY oy (p1p2) = [6° + (1 +p2)* = (01 +p2) - )*q ] {155 (p1)o" g — 10", S5" (p2)
+i[SE ! (p1)o" — oS5 (p2)] (p1x + pan)
iS5 (p1)o™ — oM SE (p2))aw (pix +p2x)a ™ = i[SE" (p1)o"™ — o SE (p2)]aw (1 +p2) - ag ™
—i[SE! (p1)o™ + o™ St (p2)]av (i + p2x)[Pf +ph — ¢ (p1 +p2) - qa a2
+ iQVCZV + QVQaq_2<p1)\ + p2)\)5/\l“)pc\p/a

+iqu(pia + pox) [P} + 05 — ¢ (p1 + p2) - qq lg2CA Y, (7)
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where
% d4k Apvp
ch = G ovg 2kae™ P ap(p1, p2; k), ®)
y d*k
C‘/; = / (277) 2]5,\€AHVPFV,0 (p17p27 k) : (9)

Here F“L/( L)(pl, p2) denotes the longitudinal part of the vertex, which is a natural result of the normal WT relation
(1), while F"‘/(T) (p1,Dp2) is the transverse part of the vertex, which is derived from the transverse WT relations for the
vector and axial-vector vertices, Eqs. (2) and (4). All of them are deduced from the symmetry relations. Consequently,
the longitudinal vertex (6) as well as the transverse vertex (7), and then the full vertex function should be satisfied
both perturbatively and nonperturbatively.

In the following, let us demonstrate explicitly that the transverse vector vertex given by Eq. (7) is satisfied to
one-loop order in perturbation theory. We notice that the transverse vertex FV(T) includes two parts of contributions

from the full fermion propagator and four-point functions, which may be denoted as Fé((% and F“L/((T)) , respectively.
To demonstrate F“‘,(T) given by Eqgs. (7) being satisfied to one-loop order, we require to calculate the contributions
from four-point functions. In perturbation theory the four-point function (3) and then the integral terms in Egs. (2)
and (4) can be calculated order by order. For example, the integral term at one-loop order in Eq. (3) can be written

straightforwardly, 210!

/ d4k QRAEA/LVpFA (p D kj) 292/ d*k N A/wp,ya 1 ’YP’Y 1 ~ 7[9 +(€_ 1)
1 PP P2 <27r>4 P—f—m' Pp—f—m’ k27 2

(2m)
+ 92/

X 7z {gag—k -1 kf } : (10)

where £ = ~,k", and & is the covariant-gauge parameter. The last two terms in the right-hand side of Eq. (10) are

1 1
26““”’{ Y5+ 7577ﬁ]
—f-m P2 —f—m
ko

the one-loop self-energy contributions, which are required to maintain the gauge invariance, accompanying the vertex
correction. Instead of 4”5 by v” in Eq. (10) then the integral term in Eq. (4) can be written.

The integral term (10) was calculated in Refs. [9] and [10] where the transverse WT relation (2) was demonstrated
to be satisfied at one-loop order. We have

C’ZD = —3(p1)o" — " E(p2) — 5V7 (11)

where X(p;) (¢ =1,2) is the one-loop fermion self-energy and

QY = 15 (b (B + B TO —val by (o™ + 0y )

B0+ PP 1T ¥ Byt + 0Py T
+ (€ - )[(1510’“' + 0Py ) KO — (piy o + plotyt + oty
LV v v 7] 2
+ 710" By) Y+ N DI By + D30 )T} (12)
Here a = g% /4n, J©), Jil), J/(\i), KO and I/(\77 are some integrals,[*1% for instance,
1

JO — / d*k _ — .
v K(p1 —k)? +ie[(p2 — k) + ie]

These integrals can be carried out in the cutoff regularization scheme or in the dimensional regularization scheme.
The integral term (9) at one-loop order can be performed similarly. We find

CYY = =X(p1)o""ys + 0155 (p2) — QY (14)
where Q4 can be obtained from @4 if instead of the factors (g, + o*¥p,), Y o and o*’~4* in Eq. (14) by

(P o™ + " Py )5, Y oM s and oH¥y s, respectively.
Now substituting the fermion propagator to one-loop order S;l(pi) =9, —X(pi), ¢ = 1,2 together with Egs. (11) ~

(13)

(14) into Eq. (7), after some algebraic calculations we obtain

Iy, = F‘(,(T) + F*{,(L) =~y + A}, (15)
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where
¥e} a a @ 1 a 2
AY(p1,p2) = = 5 {111 P70V = (P e+ Y By1a) IS + 1P 0T

+ (€= DI E© — (P gy + v p )Y + P e I3 (16)
which is the familiar expression of one-loop vector vertex function in perturbation theory.[* This shows that the full
vector vertex function given by Egs. (5) ~ (7) to one-loop order leads to the same result as one obtained in perturbation
theory by using Feynman rules. Since the longitudinal part of the vertex (6) is satisfied both perturbatively and
nonperturbatively, thus the transverse part of the vertex (7) is satisfied to one-loop in perturbation theory. We notice
that the four-point functions, I' 4,(p1, p2; k) and I'v,(p1, p2; k), can be calculated order by order in perturbation theory,
thus we may demonstrate that the full vector vertex as well as the transverse part of the vertex function from symmetry
relations should be satisfied order by order in perturbation theory.

4 Conclusion and Discussion

In this paper we have derived the transverse part of the vector vertex function in momentum space in four-
dimensional QED in terms of a set of transverse WT relations for the vector and the axial-vector vertex functions in
the case of massless fermion. Combining the transverse part of the vertex with the longitudinal part of the vertex
specified by the normal WT relation for the vertex, we obtain the full vector vertex function. Such a transverse vertex
function should be satisfied perturbatively and nonperturbatively because it is determined by the symmetry relations
which should be satisfied both perturbatively and nonperturbatively. We have demonstrated explicitly that such a
derived vertex function is satisfied indeed to one-loop order. Thus this provides a basic approach to determine the
transverse part of the basic vertex function from the symmetry relations of the system.

We notice that the transverse part of the vector vertex from the symmetry relations, F“L/(T), includes two parts of

contributions from the full fermion propagator and the four-point functions, F"‘,((IT)) and I““,((ITI)), respectively. In the
application of the vertex function to the DSE for the fermion propagator, the second part contribution of the vertex

from the four-point functions, F"‘/(g)) , needs to be considered further. The simplest way is to neglect F’(/((I:,{)) , which

corresponds to the cutoff of four-point functions. In this case, it is easy to check that I‘"‘/(L) (p1,p2) +F“‘,((IT)) (p1,p2) — ¥*

when the fermion propagator is taken as bare one. It shows that I‘/‘j((IT)) gives the leading contribution to the transverse

part of the vertex. In principle, the four-point functions might be deduced by considering the corresponding WT
relations for them, which needs to be studied further.
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