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Abstract Some criteria for the local activity theory in two-port cellular neural network cells with three Iocal state
variables are applied to a coupled Lorenz-cell model. The numerical simulation exhibited that emergence may exist if
the selected cell parameters are nearby or on the edge of chaos domain. The local activity theory has provided a new
tool of studying the complexity of high dimensional coupled nonlinear physical systems.
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1 Introduction

Although the research on emergence and complex-
ity has gained more and more attention during the past
decade,[! 6] the determination, prediction and control of
the complex patterns generated from high dimensional
nonlinear systems are still far from perfect. The cellu-
lar neural network (CNN),I”] first introduced as an im-
plementable alternative to fully-connected Hopfield neu-
ral network, has been widely studied for image processing,
robotic and biological versions, and higher brain functions
(see Ref. [8] and enclosed references). It is expected that
some phenomena in the nature that abounds with com-
plex patterns and structures emerging from homogeneous
media operating far from thermodynamic equilibrium can
be modelled and studied via the CNN.I”! The recent local
activity theory,[®:9! offering a constructive analytical tool,
asserts that a wide spectrum of complex behaviors may
exist if the corresponding cell parameters of CNN’s are
chosen in or nearby the edge of chaos.['='5] That theory
has been applied to the study of the dynamics of the CNNs
related to the FitzHugh—-Nagumo CNN’s, the Brussela-
tor CNN'’s, the Gierer-Meinhart CNN'’s, the Oregonator
CNN’s, the Hodgkin—Huxley CNN’s, and the biochemical
model CNN’s, respectively.[8—15]

The rest of this paper is organized as follows.
tion 2 states the basic local activity principle set up by
Chua,8 and proposes some analytical criterion theorems
for testing the local activity of the CNN’s with three state
variables and two ports (practically called with one vis-
cous coupling constant and one thermal coupling constant,
or called with two reaction-diffusion coefficients, etc., de-
pending on the corresponding physical models (CNN’s)
described). Section 3 applies the criteria to the coupled
Lorenz-cell model (CLCM) CNN'’s with two ports whose
prototype has been studied as the coupled Lorenz-cell
(or vortex-cell) models with one port (i.e., one viscous

Sec-

coupling constant) by Refs [17] and [18], and simulates
numerically the CLCM CNN'’s and corresponding three-
dimensional Lorenz equations. The complete proofs of our
theorems (also see Ref. [15]) are stated in the Appendix.

2 Local Activity Principle and Analytical
Criteria
The definition of a standard (an m-port three dimen-
sional) CNN has been described thoroughly in Refs [8]
and [9]. A two-port one-dimensional CNN with three lo-
cal state variables is defined by

& = fi(zi, yi,2:) + [(X), (1)
Ui = fo(xiyi, 1) + (YY), (2)
zi = fa(@i,yi,2i), 1=1,2,--+,n, (3)
where
X = [z1,22,,2a)", Y =[y1,y2.,¥al”
Z = z1,20, ", 2a)"

are called local state variables; I; and I, are called cell
coupling terms or called two ports in terms of the net-
work theory; the subscript ¢ attached to x, y, and z de-
notes that equations (1) ~ (3) represent a one-dimensional
CNN.[59] The corresponding local state equations can be
represented as!®!

Va=AwVait+tAuVy+ 14, (4)
Vo= A, Va+ ApVy, (5)
where
Vo=[zy]",  Vi=z  L=[LL",
A,, = {011 a12} 7 Ay = [013} :
az1 Qg2 az3

Apo = [a31 as2), Ay, = [ass] , (6)
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x Y 0z

Aaa(Qi) = ofy Ofs | Aap(Qi) = afs | Lemma 1 A two-port CNN cell is locally active at a
or Oy Oz cell equilibrium point @ 2 (Va, Vi, 1,) if, and only if,
Ofs its cell admittance Yp(s) at @ satisfies at least one of the

_ | o=z _ | 9fs following four conditions

Abﬂ(Qi) - Ofs ) Abb(Ql) = E ) (7)

oy (i) Yg(s) has a pole in Re [s] > 0.

and Q; is an equilibrium point of Egs (1) ~ (3).

The concept of the local activity of CNN by Chua is a
generalization to the concept of the activity of linear net-
work in the network synthesis theory. For an n-port linear
network IV, let [V, I] € N represent the voltage vector
and the current vector, where V- = V' (¢) and I = I(t) are
both n-dimensional vectors.

Definition 1 N is passive if for every [V,I] € N and
every finite ¢,[16!

e(t) = /t V(r)TI(r)dr >0,

where V()7 is the transpose of V (7). If IV is not passive,
it is called active.

Remark 1 An active network has always energy to go
out the network at some time.

Denote V(s) and I(s) as the Laplace transforms of
V(t) and I(t), respectively. Assume that the relation be-
tween V(s) and j(s) is determined via

I(s) =Y(s)V(s),
where Y'(s) is an n X n matrix called admittance matrix.

Chaul®! has proved that for the local state equations
(4) and (5),
Ia(s) =Yq(s)Vals),
where Yg(s) is called CNN cell admittance and has the
form,[8:°]

-1
YQ(S) = (SI - Aaa) - Aab(SI - Abb) Aba
130431 13032
S —ay; — — —
_ S — ass S — ass (8)
423031 23032 :
—Q21 — ————— S~ Q22 —
S — ass S — ass

Based on the classic positive criteria for the passive lin-
ear network,['6! Chua proposed the following local activity

Y, (iw) = Yig(iw) + Yg(iw) is not a positive
semi-definite matrix at some w = wgy, where wqg is
any real number, and YT (s) is constructed by tak-
ing first the transpose of Y(s) , and then followed
by the complex conjugate operation.

Yo (s) has a simple pole s = iw, on the imaginary
axis, where its associated residue matrix

(if)

(iii)

A limg i (s —iw,)Yo(s), if w, < oo, (9)
1= .. . .
lim,,, 00 Yo (iw,)/iw),
is neither a Hermitian matrix, nor a positive semi-
definite Hermitian matrix.

if w,=00

(iv) Ygo(s) has a multiple pole on the imaginary axis.

Definition 2 FEdge of chaos with respect to equilibrium
point Q;.[1013] A “reaction-diffusion” CNN with one “dif-
fusion coefficient” Dy (resp. two diffusion coefficients Dy
and Ds; or three diffusion coefficients Dy, D5, and Ds3) is
said to be operating on the edge of chaos with respect to
an equilibrium point Q; if, and only if, Q; is both locally
active and stable when I; = 0 (resp. Iy =0, and I3 = 0,
or Il :0, _72 :0, and 13 :0)

Remark 2 Clearly, this definition can be extended to
general CNNs with two ports (coupling terms).

From Egs (6) ~ (8) and Lemma 1, some analytical cri-
teria for testing the local activity of the CNN’s with three
state variables and two ports are stated as the following
theorems (also see Ref. [15]).

Theorem 1 Y((s)hasapoleinRe [s] > 0, if and only if,
azs > 0 and max{|aizas1 |, |a13as2|, |azzas1], [a2zas2|} # 0.

Theorem 2 Let b aizazi1ass, C a13a32a33 +
(23031033, d = A13a32 — (23031, € = (23032033, then YQ (5)
satisfies condition (ii) in Lemma 1 if, and only if at least
one of the following conditions holds

1. (@11 +ag) > 0;
2. (ai1 +ag) <0,a33 #0, and (a11 + az2) — (a13a31 + azzaszz)/azs > 0;
3. 4dajjasy — (agp +ag)? <0;
4. 4(baszs + earr) — 2c(aiz + as1) +d* #£0,

W2 2a3;d* + 8be — 22 —a2, >0,

4(bags + earr) — 2c(arz + az) + d?
2 2 72

4<a11a22 - b?%i:in (a2, TWQ)Q) - (a12 +on - a, j—uﬂ) - (a§:+dw2)2 <0;

5. azz #0 and 4(ayjais — b)(agais —e) — [(a12 + ag1)azs — ¢]* < 0;
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6. as3 =0 and d4be—c*><0.

Theorem 3 Y(s) satisfies condition (iii) in Lemma 1 if, and only if, at least one of the following conditions holds

1. If a3z =0,max{|aizasi1|, |aizasz|,|azsas;|,|azsase|} #0 and ajzase # azsas;;

2. If a3z =0, max{|aizaz;|, |a13a32], |azzazi|,|azzass|} # 0,

(a) a13a31 + assazs >0 or

2 2
(b) aizasiaszaszs — ajzaz, < 0.

Theorem 4 Y(s) has not a multiple pole on the imag-
inary axis.

Theorems 1 ~ 4 can be written as a computer program
to test the local activity of any two-port CNN with three
state variables and produce the corresponding bifurcation
diagrams. As we will see in the next section, some prac-
tical physical systems can be mapped into the CNN and
studied via the local activity theory.

3 CLCM CNN and Numerical Simulation
The CLCM CNN used here is taken from Jackson and
Kodogeorigiou, which viscously couples N Lorenz equa-

tions,
T = 0(yi — ;) — p(Tiv1 + i1+ 234) (10)
Ui = =i — Tz + 2 — k(Yig1 + vio1 +2y:),  (11)
Gi=ai— by, (i=1,2,...,N), (12)

where N stands for the number of vortices in the sys-
tem. Let the system have periodic conditions: ¢y = xy,
Yo = Yns 20 = 2y, Tnp1 = &1, Yng1 = Y1, v = 21 1O
keep the physical meaning, it can be assumed that u = —3,
and £ = 0.001 which corresponds to the neglected ther-
mal term k& = 0 (see Ref. [17]). Similar to that given in
Ref. [18], let N = 32 for numerical simulation.
In a component form, equations (10) ~ (12) become
X = (XY, Z)+ pl1(X), (13)
Y = fo(X,Y,Z) + kI(Y), (14)

Z=f3(X,Y,Z), (15)
where I; and I correspond to a same N x N matrix.
The “cell equilibrium points” @Q’s for the restricted lo-
cal activity'%! of Egs (13) ~ (15) can be determined via

fl(XaYaZ):Oa fQ(XaYaz):Oa
f:(X,Y,Z)=0. (16)
Equations (16) have a cell equilibrium point Qo = (0, 0, 0)
and two nonzero cell equilibrium points for r > 1,
Q= ((-1)'/b(r — 1), (=1)"\/b(r — 1),r — 1),
1=1,2. (17)
The cell coeflicients @, »(Qi)s (I = 0,1,2) are defined via
the corresponding Jacobian matrix

all(Ql) a12(Ql) ai3 (Ql)
A = a21(Ql) a22(Ql) a23(Ql)
a31(Q1) as(Qi) ass(Q)

a13a32 = ag3as;, and
o0fi(U) 9fi(U) 0f1(U)
0X oY syA
0X oY syA
fs(U) 9fs(U) 9fs3(U)
0X Y YA
Aaa Aa
é( ) (18)
Ape Ap

where U = (X(Q1), Y (Qu), Z(Q1))-
corresponding CNN cell admittance Yg(s) can be calcu-

lated via Eqs (8) and (18).
On the other hand, one can prove that the CLCM
CNN of Egs (10) ~

Consequently, the

(12) has an origin equilibrium P, =

(0,0,...,0) and two nonzero equilibrium points for r > 0,
Pr= (7, @+ Ty Y1 Yo Yoo 215 25 200) 5
2 = (1) 2b(r — 1),
dodl et
l1=1,2, i=1,2,...,N. (19)

Now let us rewrite the system of Egs (10) ~ (12) into a
3 x N vector differential equations by choosing a row-wise
order scheme,

T4 > Ty,

i=1,2,...,N.

Yi —> Tnyiy Zi —> T2n+i
(20)
Denote

X = [xl,xg,...,ng].

Then the CLCM CNN of Egs (10) ~ (12) can be rewritten
as

X = F(X) = [F(X),Fo(X),...,Fsn(X)]T.  (21)
The corresponding Jacobian of Eq. (21) at an equilibrium

point P; can be written as
OF;(Py)

Ji= (ij)sNst' (22)
Denote (A) as the spectrum of matrix A, and
M(4;) =max{Re [A\]: A € 0(4))},
M(J;)) =max{Re [A]: A € o(J})}. (23)
Then for b > 0
M(Ap) >0, M(Jy) >0, o(A1)=0(42). (24)
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Table 1 Cell parameters and corresponding dynamic properties of the 3D Lorenz equations and CLCM CNN’s,
where ¢ = 10, u = 3, k = 0.001. Symbols |}, tnp, and @ indicate that convergent patterns, twisting-n-period
patterns, and chaotic patterns observed near to or far from the corresponding cell equilibrium points (CEDs) Q1
and @2, respectively. Symbols 3D and HD stand for the 3D Lorenz equations and the CLCM CNN’s, respectively.
The numbers which are marked by a * indicate that the corresponding cell parameters lie on the edge of chaos

domain.
No. b T CEDs Qi and Q2 M(Aq) M(J1) Patterns
3D HD
1 0.04 45 +1.3266,4+1.3266,44.0000 0.0433 0.0419 tlp ®
2 0.04 22 +0.9165, +0.9165,21.0000 0.0108 0.0095 tlp ®
3* 0.04 15 +0.7483, +0.7483, 14.0000 —0.0006 0.0007 tlp | D
4 0.04 10 40.6000, +0.6000, 9.0000 —0.0067 —0.0079 tip | I
5% 0.04 7 +0.4899, +0.4899, 6.0000 —0.0111 —0.0123 4 Y
6 0.25 45 +3.3166, +3.3166,44.0000 0.2173 0.2151 tlp @
7 0.25 17 +2.0000, £2.0000, 16.0000 0.0152 0.0135 tlp @
8* 0.25 14 +1.8028, +1.8028, 13.0000 —0.0095 —0.0110 tlp | U
9* 0.25 12 +1.6583,4+1.6583,11.0000 —0.0263 —0.0278 tlp | U
10* 0.25 10.5 +1.5411,41.5411,9.5000 —0.0391 —0.0406 @ | )2
11* 0.25 10 +1.5000, 4+1.5000,9.0000 —0.0434 —0.0449 4 U
12 0.55 45 +4.9193, +4.9193, 44.0000 0.3711 0.3684 D @D
13 0.55 35 +4.3243, +4.3243, 34.0000 0.2587 0.2561 D @D
14 0.55 32 +4.1292, +4.1292,31.0000 0.2222 0.2197 tdp (&)
15 0.55 31 +4.0620, £4.0620, 30.0000 0.2097 0.2072 t2p @
16 0.55 17 +2.9665, +2.9665, 16.0000 0.0150 0.0130 t2p @
17* 0.55 15 +2.7749, +2.7749, 14.0000 —0.0164 —0.0184 t2p Y
18* 0.55 11 +2.3452, +2.3452,10.0000 —0.0829 —0.0847 4 U
19 0.60 45 +5.1381, +5.1381,44.0000 0.3898 0.3870 &b D
20 0.60 25 +3.7947,43.7947,24.0000 0.1370 0.1346 52} @D
21 0.60 17 +3.0984, +3.0984, 16.0000 0.0135 0.0113 52} @D
22* 0.60 15 +2.8983, +2.8983, 14.0000 —0.0202 —0.0222 &R0 13
23* 0.60 11 +2.4495, +2.4495,10.0000 —0.0915 —0.0934 Y 13
24 1 45 +6.6332, +6.6332,44.0000 0.4920 0.4888 @ (]
25 1 19 +4.2426, +4.2426, 18.0000 0.0344 0.0317 @ (]
26 1 15 +3.7417, +3.7417, 14.0000 —0.0626 ~0.0602 ou I
27 1 14 +3.6056, +3.6056, 13.0000 —0.0854 —0.1403 4 Y
28 2 45 +9.3808, +9.3808, 44.0000 0.5357 0.5322 52} @D
29 2 23 +6.6332, £6.6332, 22.0000 0.0463 0.0430 S5} @
30 2 21.5 +6.4031, +6.4031, 20.5000 0.0022 —0.0011 ® 13
31* 2 20 +6.1644, +6.1644, 19.0000 —0.0441 —0.0473 4 U

Using formulas (17) ~ (24) and Theorems 1 ~ 4, the

locally passive domains, the locally active domains, and
the edges of chaos with respect to Q;’s of a CLCM cel-
lular neural network can be numerically calculated via
computer programs. Now let, in Eqgs (10) ~ (12), the
parameter o = 10 fixed and the parameters b and r vary
in the intervals [0, 2] and [0, 50], respectively. Our nu-

merical calculation results are shown in Fig. 1. It can be

concluded as follows:

e The bifurcation diagram with respect to the equi-

librium point Qg has only a locally active unstable
domain.

e The bifurcation diagrams with respect to the equi-
librium points @1 and Q2 [see Eq. (17)] are identity,
and have not locally passive domains.

Now let us simulate numerically the 3-dimensional
(3D) Lorenz equations and the CLCM cellular neural net-

works based on the bifurcation graph given in Fig. 1. The
simulation results are shown in Table 1 and Figs 2 ~ 6,

respectively. Our numerical simulations show that
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e The qualitative behaviors of the 3D Lorenz equa-

tions and the corresponding CLCM cellular neural
network may be similar (see the parameter groups:
Nos 5, 11 ~ 13, 18 ~ 21, 23 ~ 25, 27 ~ 29, and 31

19 ~ 21, 24, 25, 28, 29, and Figs 2 and 4 ~ 6); oth-
erwise are always convergent if the parameter groups
are selected on the edge of chaos domain (see the pa-
rameter groups indicated by a * given in Table 1 and

listed in Table 1, Figs 5 and 6) or different (see the
parameter groups: Nos 1 ~ 4, 6 ~ 10, 14 ~ 17, 22,
26, and 30 listed in Table 1, Figs 2 ~ 4) depending 50
on the locations of selected cell parameters.

Fig. 3).

e The twisting-oscillation or the chaotic orbits of the
3D Lorenz equations can exist in the interior of the
edge of the chaos (see the parameter groups: Nos 3,
4, 8 ~ 10, 17, 22, and 26 and Fig. 3), in which the 30
maximum real parts of the eigenvalues of the Ja-
cobian matrices [Eq. (22)] are less than zero. This
fact seems to imply that the edge of chaos may pre-
dict the emergency of the complex behaviors of the
3D Lorenz equations (furthermore general 3D non-
linear equations) far from their stable equilibrium
points although it cannot assert exactly what kinds
of complex behaviors can happen.

e The behaviors of the CLCM cellular neural network
seem to be able to be determined successfully via
the local activity principle. Roughly speaking, if the
parameters group of the CLCM cellular neural net-
works are located in the active unstable region (see
Fig. 1), the dynamics of the corresponding CLCM
cellular neural networks always exhibit chaos (see
the parameter groups: Nos 1 ~ 3, 6, 7, 12 ~ 16,

40

Fig. 1 Bifurcation diagram of the CLCM CNN with
two ports at cross section b € [0,2], r € [0,50] with re-
spect to the equilibrium point Q1 or Q2. The domains
are coded as follows: edge of chaos (light black), locally
active unstable domain (white). The domains coded with
black stands for that no nonzero equilibrium point exists.

(@) (b) ©

32

0 100 200 300 400 500 600 0 50 100 150 200
t/s t/s

Fig. 2 Graphs generated by the parameter group No. 2 listed in Table 1. (a) The trajectory of the state variables
z, y, and z of the Lorenz equations, initial conditions: (z(0),y(0),z(0)) = (0.0005,—0.0005,26.0921); (b) and (c) The
chaotic trajectory and the time evolution of the state variables z1, y1, and 2z; of the CLCM CNN; (d) and (e) The graphs
of the time evolution of the state variables z;’s, and y;’s of the CLCM CNN, initial conditions: (z1(0),y1(0),21(0)) =
(0.0005, —0.0005, 26.0921), and (:(0),v:(0), z:(0)) = (0,0,0), i = 2,3, ..., 32.
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Fig. 3 Graphs generated by the parameter group No. 10 listed in Table 1. (a) The chaotic trajectory of the state
variables z, y, and z of the Lorenz equations, initial conditions: (z(0),y(0),z(0)) = (—0.0160,0.0377,14.6493); (b) and
(c) The convergent trajectory and the time evolution of the state variables z1, y1, and z; of the CLCM CNN; (d)
and (e) The graphs of the time evolution of the state variables z;’s and y;’s of the CLCM CNN, initial conditions:
(z1(0),91(0), z1(0)) = (—0.0160, 0.0377,14.6493), and (z;(0), y;(0),2;(0)) = (0,0,0), i = 2,3,...,32.

(a) (b) (€

20
60 60
N S
20 20
(o 20 0
-20 T 0 -2
20 -20 y
T
(d)

0 20 40 60 80 100 0 50 100 150 200
t/s t/s

Fig. 4 Graphs generated by the parameter group No. 15 listed in Table 1. (a) The twisting-2-period trajectory of the
state variables z, y, and z of the Lorenz equations, initial conditions: (z(0),y(0),z(0)) = (—0.9400, —1.3855,21.9583);
(b) and (c¢) The chaotic trajectory and the time evolution of the state variables z1, y1, and z; of the CLCM CNN.
(d) and (e) The graphs of the time evolution of the state variables z;’s and y;’s of the CLCM CNN, initial conditions:
(21(0),91(0), 21 (0)) = (—0.9400, —1.3855, 21.9583), and (2(0), %:(0), z;(0)) = (0,0,0), i = 2,3, ..., 32.
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Fig. 5 Graphs generated by the parameter group No. 20 listed in Table 1. (a) The chaotic trajectory of the state
variables z, y, and z of the Lorenz equations, initial conditions: (z(0),y(0),2(0)) = (—2.6400,—4.3002,17.9776); (b)
and (c) The chaotic trajectory and the time evolution of the state variables z1, yi, and z1 of the CLCM CNN; (d)
and (e) The graphs of the time evolution of the state variables z;’s and y;’s of the CLCM CNN, initial conditions:
(z1(0),91(0), z1(0)) = (—2.6400, —4.3002,17.9776) and (x;(0),y:(0), 2;(0)) = (0,0,0), 2 =2,3,...,32.

@ (b) (c)
30 30
20 20
N N
10 10
20 10
(d)
32 ‘
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0 50 100 150 200 0 50 100 150 200
t/s t/s

Fig. 6 Graphs generated by the parameter group No.25 listed in Table 1. (a) The chaotic trajectory of the state
variables z, y, and z of the Lorenz equations, initial conditions: (z(0),y(0),z(0)) = (2.9,—1.3,25); (b) and (c) The
chaotic trajectory and the time evolution of the state variables z1, y1, and 2z; of the CLCM CNN; (d) and (e) The graphs
of the time evolution of the state variables z;’s and y;’s of the CLCM CNN, initial conditions: (z1(0),y1(0),21(0)) =
(2.9,—1.3,25) and (2:(0),4:(0), z(0)) = (0,0,0), i = 2,3, ..., 32.
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4 Concluding Remarks the local activity principle in the study for the emergence
Coupled nonlinear dynamical systems (CND’s) have of complex patterns in a homogeneous lattice formed by
been widely studied in recent years. However the dynam-  coupled cells is once again confirmed.
ical properties of the CND’s are difficult to be dealt with. Ack led ¢
The local activity criteria of CNN’s provide a new tool cknowledgmen )
to the research on the CND’s cell models. This paper One of the authf)rs (MIN) would  like to thank
uses the criteria to study ﬁI’Stly the physical CND — the Prof. L.O. Chua for dlI‘eCtlIlg him to study the local ac-
coupled Lorenz-cell model with one viscous coupling and tivity theory.
one thermal coupling terms rather than the CNN’s with A .
. o ) i ppendix
reaction-diffusion terms dealt with previously.[10=15] It has

H . . .
also been found that for the parameters o = 10, p = 3, Lemma 2 1f Y, (s) is not a self-adjoint operator from

k =0.001, b = 1, and N = 32, the corresponding CLCM (CT_L — C" then Yéi(s) is not a positive semi-definite ma-
CNN and the standard Lorenz system can both exhibit X

chaos for r down to about 19 (see Fig. 6) rather than 23 Proof 1t follows from Theorem 3.10-3 of Ref. [19].
announced in Ref. [18]; the dynamics of the CLCM and

Hy _VH H :
the standard Lorenz system may be quite different (see Lemma 3 1f Yo (s) = Yo () and Yo (s) is not a pos-

itive semi-definite matrix at some iw = iwy € iR, if, and

Table 1) rather than similar to the standard Lorenz sys-
only if, there is at least one A < 0 5.t. A € o(Y! (iw)).

tem stated in Ref. [17].

Our numerical studies demonstrate that the edge of  Proof Tt is the conclusion of Theorem 9.2-1 of Ref. [19)].

chaos appears to explain well the reason of the emergence .
Proof of Theorem 1 By the definition of pole, formula

of the complex orbits of the standard Lorenz system, and ] .
(8) implies that Theorem 1 holds.

predict well the appearing of the chaotic patterns or di-
vergent patterns of the CLCM CNN. The effectiveness of  Proof of Theorem 2 Firstly, from Eq. (8) we obtain

9 20,130,31(133 c+ iwd
—2a11 + m —a12 — a1 m
YH (iw) = 33 T 83 (A1)
c— iwd 20,23(132(133
—G12 —An+ 55 200+ —F
azs +w a3z +w

Therefore, we conclude that Yg (s) is a self-adjoint operator. In this case, the eigenvalue A of matirx Yé{ (iw) satisfies
the following equation

AL - Y5 (iw)] = A2+ a1d +ag =0, (A2)
where
2(a13a31a33 + a23a32a33)

=2 - A3

ay (a11 + az2) a2, + w? ) (A3)
b e c 2 w?d?

o ) o) o g

ag a1 T, + a22 aZ, + 2 a2 + az aZ, ¥ w? (a2 1+ 0?)? (Ad)

where b = ay3a31a33, € = a03a32a33, C = A13032a33 + G23a31a33, d = ai3a3zz — aszasz;. Consequently, it follows, from
Lemmas 2 and 3, that Yg(iw) is not, a positive semi-definite matrix at some w = wy, if, and only if

a; >0 or ag<0. (A5)
Case 1 Testing condition a; > 0
(1) If a11 + a2z > 0, then it follows from Eq. (A3) that if w is large enough, a; > 0. Hence condition 1 implies that
chl(iw) satisfies condition (ii) in Lemma 1.
(ii) If ay1 + a2e < 0 and ass(aiszazs + aszasz) > 0, then a; > 0 cannot hold for any w € R.
(iil) If a1y 4+ a2z < 0 and assz(aizasy + aszasze) < 0, then a; > 0 has a solution w € R <= a11 + as2 — (a13as; +
asszass)/ass > 0. Therefore condition 2 guarantees that condition (ii) in Lemma 1 holds.
Case 2 Testing condition ap < 0
(a) If 4ajyass — (a12 —asz1)? < 0, then it follows from Eq. (A4) that if w is large enough, ay < 0. That is, if condition
3 holds then condition (ii) in Lemma 1 is satisfied.
(b) If 40,11&22 — (alg — a21)2 Z 0, let L(w2) = agp.
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a) If L(0)
L2 (w?) = 0, we obtain

> 0, since lim, ;o L(w?) = 0, we only need to examine the minimum of L(w?) in [0,+o00c]. Solving

4(bags + eayr)(a3z + w?) — 8be — 2c(ayn + as1)(a3; + w?) +2¢2 — d*(a3; + w?) + 2w?d* =0,

2 2a35d? + 8be — 2¢?

w —

~ 4(bagy + eayy) — 2¢(ayz + asy) + d?

2
— Q33 -

It follows that condition 4 implies that Y/)'(iw) satisfies condition (ii) in Lemma 1.

b) If ass # 0 then condition 5 holds to guarantee L(0) < 0. Otherwise if azgz = 0 then condition 6 implies that
L(0) < 0. Consequently in both cases condition (ii) in Lemma 1 is satisfied.

To sum up, we complete the proof.

Proof of Theorem 3 Yy(s) has a simple pole s =
\a13a32|, |a23a31|, |a23a32|} 7é 0. In thlS case,

ki = 21_1)]?(1) sYg(s) =

iw on the imaginary axis <= a3z = 0 and max{|ai3as1],
—Qa13a31 —a13as2
—a23431 —a23032

Therefore if aizaszs # assasi, then Yg(s) satisfies condition (iii) in Lemma 1. On the other hand, if a13a32 = aszas:,
then Yg(s) is a Hermitian matrix. Since

det |)\I — kl‘ = )\2 + )\(a13a31 =+ (l23(l32) =+ a13Q31QA23031 — CL%3CL§2 .

Consequently, if ajzass + assasze > 0 or aizasiassazs — aza3, < 0, then Yo (s) satisfies condition (iii) in Lemma 1.

Finally, Y (s) has a simple iw-axis pole at infinity and
Yo (iwp)

1wy

lim
WPA)OO

is a positive-definite matrix.

This completes the proof.

=1

Proof of Theorem 4 Equation (8) shows that Y (s) has no multiple pole on the imaginary axis.
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